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Abstract
This chapter provides an expository account of cyclic proofs for fragments of the modal µ-calculus
and demonstrates how the Maehara–Pitts method of interpolant construction can be lifted to the
formalism. Existing results on separation and decidability in the modal µ-calculus are recast as
consequences of the form of obtained interpolants. The wider applicability of the methods to other
modal fixed point logics and µ-calculi is discussed.
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1 Introduction

Many modal and temporal logics can be realised as extensions of a basic modal logic by
certain inductive and co-inductive definitions. Common examples are linear-time temporal
logic which extends the basic logic of a linear modality by the inductively defined ‘until’
operator, propositional dynamic logic, extending a multi-agent version of modal logic K by
inductive operators for program recursion, and the logic of common knowledge which extends
multi-agent epistemic logic by the co-inductive ‘common knowledge’ operator, as well as many
description logics which might extend various modal logics by transitive concepts or even
fixed point definitions. At the extreme are the so-called µ-calculi which incorporate explicit
quantifiers for defining inductive and co-inductive operators of any (definable) specification.
Linear-time temporal logic is, for example, a definable fragment of the linear-time µ-calculus
and propositional dynamic logic is definable in the multi-modal µ-calculus. Other notable
logics which are definable in the (single-agent) µ-calculus are Gödel–Löb provability logic and
compositional tree logic.

Axiomatic systems for fixed point logics and µ-calculi invariably include axioms or rules
of induction (and co-induction) to enforce the correct interpretation of operators. These
rules present a challenge for the proof-theoretic approach to interpolation. Whether it be
the Maehara method for Craig–Lyndon interpolation [26] or Pitts’ construction of uniform
interpolants [32], a clear obstacle for any logic is the isolation of a finitary sound and complete
analytic1 proof system. For the construction of uniform interpolants one expects, in addition,
the analytic calculus to admit a terminating proof-search algorithm. General properties of a
proof calculus that are sufficient for interpolation were explored in [17].

If the addition of induction principles to a logic does not outright block completeness of
analytic proofs (as it does over first-order logic), it certainly complicates their design and
theory. For many modal logics, analyticity can be regained by making structural changes

1 For the purpose of the present chapter, it suffices to take analytic to mean that the premises of all rules
employ the same (or smaller) signature than the conclusion, though stronger conditions are needed to
ensure the existence of interpolants (cf. [17]). Notably, this simple constraint already eliminates the
most problematic inference rule from the perspective of interpolation, the cut rule, which permits the
derivation of an implication α → β from implications α → ι and ι → β for arbitrary ι.
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to the proof calculus. In some cases it suffices to switch from a pure sequent calculus to
a calculus of labelled, hyper- or nested sequents (see [17] for detail). When the fixed point
logic is given by adding only inductively and co-inductively defined operators to a robust
logic such as K, it is possible to obtain an analytic calculus by embedding induction into the
structure of proofs. Proofs typically become infinite objects, either as well-founded trees over
rules that may have infinitely many premises or as finitely branching illfounded trees. In the
latter class, soundness of proofs is ensured by a syntactic correctness condition on admissible
infinite branches.

This chapter derives interpolation from illfounded proofs for the modal µ-calculus and
the various fixed point logics it encompasses. The expressive ‘simplicity’ of modal logic
ensures that the focus can remain on finite proof objects, specifically, the illfounded proofs
that are represented as tree unravellings of finite graphs, known as the cyclic proofs. In this
representation, the correctness condition requires that every infinite path through the cyclic
proof fulfils a decidable property known as the global trace condition. The cyclic proofs are
sound and complete for the modal µ-calculus [30] and linear-time µ-calculus [14]. Analyticity
of the inference rules means that the cyclic proofs are also sound and complete for any
fragment that is determined by inductive and co-inductive (modal) operators.2

The construction of Craig, Lyndon and uniform interpolants from cyclic proofs proceeds
in the usual fashion for analytic sequent calculi: candidate interpolants are assigned to each
leaf of the proof-tree (in the case of uniform interpolation a proof-search-tree) and, recursively,
to inner vertices. Unlike the purely finitary proofs, a cyclic proof can contain leaves that are
not initial sequents and merely cycle back to ‘earlier’ points in the proof. These leaves, called
‘buds’, cannot be interpolated directly. Instead, buds are assigned placeholder ‘interpolants’
which are explicitly defined once the recursive construction has traversed the entire associated
cycle. Correctness of the construction (that the candidate interpolant fulfils the requirements
of a Craig/Lyndon/uniform interpolant) follows from a normal form theorem for cyclic proofs
which ensures that the relative ordering of cycles in a proof internalises salient properties of
the global trace condition.

As the definition and required properties of cyclic proofs for the modal µ-calculus is
quite involved, it is introduced in two stages. First, we treat the fragment involving only
inductive (or co-inductive) operators where the notion of cyclic proof is close to the naive one
and the aforementioned normal form theorem is vacuous (Section 3). Lyndon and uniform
interpolation are established for this fragment in Sections 4 and 5 respectively. Cyclic proofs
for the full calculus are defined in Section 6 and followed by proofs of Lyndon and uniform
interpolation in the general case. The chapter closes with a discussion of the wider applicability
of the cyclic Maehara method to modal fixed point logics and other µ-calculi.

2 Presumably, the result also holds for robust fragments of guarded first order fixed point logic (cf [11])
though to the best of the authors’ knowledge this has not been examined.
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Beyond proofs of Lyndon and uniform interpolation, the chapter explores the complexity of
constructed interpolants in terms of alternations between inductive and co-inductive operators.
Several well-known theorems on the expressivity of the modal µ-calculus can be realised as
corollaries of interpolation augmented by structural observations on the form of cyclic proofs
for specific quantifier classes. The construction of Craig–Lyndon interpolants witnesses, for
example, the collapse of the quantifier class ∆1 to the modal fragment and the collapse of ∆2
to the alternation-free fragment. Corollaries of the uniform interpolation theorem include
Otto’s theorem on the decidability of equivalence to the modal fragment [31], Küsters and
Wilkie’s corresponding theorem for the co-induction-free fragment [24] and the disjunctive
normal form theorem of Janin and Walukiewicz [20].

This chapter does not contribute any new results. Uniform interpolation for the modal
µ-calculus was established by D’Agostino and Hollenberg in 2000 via a semantic argument [13].
The argument of [13] is discussed in [18] and will not be rehearsed here. The approach of
this chapter is a generalisation of the proof-theoretic verification of Lyndon interpolation
and uniform Lyndon interpolation in, respectively, [3] and [4]. The first explicit use of cyclic
proofs to establish interpolation is Shamkanov’s proof of the Lyndon interpolation property
for Gödel–Löb provability logic [35]. Predating most of the above results, however, are various
separation theorems for the modal µ-calculus and fragments [31, 24, 34, 7] which employ
tableaux or related syntactic methods.

2 The modal µ-calculus

The following basic notions are used throughout this work. The set of finite sequences over a
set X is denoted X<ω and assumed to be canonically ordered by the (strict) prefix relation
<. A tree is any non-empty set T ⊂ ω<ω closed under the prefix relation. Elements of T

are called vertices with the empty sequence referred to as the root of T . By <T and ≤T we
denote the strict and weak prefix relations restricted to vertices of T . The set of immediate
successors (in T ) of a vertex u is denoted SucT (u). If |SucT (u)| = 1, the single immediate
successor of u will often be denoted u+. A branch of T is a (finite or infinite) sequence (ui)i

of vertices such that u0 is the root and ui+1 ∈ SucT (ui) for every i. A tree over (a set) X is
a tree T equipped with a labelling function λ : T → X over X. Every finite tree F is assigned
a height, in symbols h(F ), defined in the expected way with the trivial tree having height 0.

2.1 Syntax
Fix disjoint sets Var = {x, y, z, . . .} and Cons = {a, b, c, . . .} of, respectively, (propositional)
variables and (propositional) constants. The formulas of the modal µ-calculus are the
expressions α generated by the grammar:

Formulas: α ::= x | a | ¬a |
∧

Γ |
∨

Γ | □α | ♢α | νx α | µx α

Cedents: Γ ::= ∅ | Γ ∪ {α}.
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That is, formulas are constructed from variables, constants and negated constants by arbitrary
finite conjunctions and disjunctions, the (unary) modal operators □ and ♢ and two proposi-
tional quantifiers,3 µ and ν. The set of formulas is denoted Lµ. Symbols α, β, etc. range over
formulas, and Γ, ∆, Θ, etc. over finite sets of formulas, called cedents. A constant or negated
constant is called a literal and the set of literals is denoted Lit = Cons ∪ {¬a | a ∈ Cons}.
Expressions l, l′, etc. range over literals, and L, L′ over cedents of literals. Variables are not
literals and are never negated. Formulas µx α and νx α are called quantified and express,
respectively, the least and greatest fixed points of the propositional function φα := λx α.
Symbols σ, σ′, etc., act as metavariables for the two quantifiers. A formula without quantifiers
is called quantifier-free.

▶ Definition 2.1 (Signature). The signature of a formula/cedent is the set of freely occurring
literals and variables in the formula/cedent, given by sig(α) = {α} for α ∈ Lit ∪ Var,
sig(σx α) = sig(α) \ {x}, sig(□α) = sig(♢α) = sig(α), and sig(

∧
Γ) = sig(

∨
Γ) = sig(Γ) =⋃

γ∈Γ sig(γ). A formula α is closed if sig(α) ∩ Var = ∅.

We introduce abbreviations for commonly used formulas and sets:

⊤ :=
∧

∅ α1 ∧ · · · ∧ αn :=
∧

{α1, . . . , αn} □Γ := {□γ | γ ∈ Γ}
⊥ :=

∨
∅ α1 ∨ · · · ∨ αn :=

∨
{α1, . . . , αn} ♢Γ := {♢γ | γ ∈ Γ}

Substitution of formulas for variables is expressed by notation α(β/x), meaning the result
of replacing each free occurrence of x in α by the formula β and renaming bound variables in
α to avoid variable capture. As variables do not occur in literals, α(β/x) is always a formula.
Negation is implemented through logical duality by an operation α 7→ α⊥ ∈ Lµ defined below.
The exception is variables which, having no negated form, are considered self-dual. This
approach is motivated by the action of negation on quantified formulas, which should identify
the formula µx(♢x ∨ a) with its ‘complement’ νx(□x ∧ ¬a).

a⊥ := ¬a
(∧

Γ
)⊥ :=

∨
Γ⊥ (□α)⊥ := ♢α⊥ (νx α)⊥ := µx α⊥ Γ⊥ := {γ⊥ | γ ∈ Γ}

¬a⊥ := a
(∨

Γ
)⊥ :=

∧
Γ⊥ (♢α)⊥ := □α⊥ (µx α)⊥ := νx α⊥ x⊥ := x

There are two notions of subformula pertinent to the intension of quantified formulas.
The direct subformulas of α are the formulas encountered during the construction of α in the
generating grammar. So α is a direct subformula of □α and ♢α, of

∧
Γ and

∨
Γ if α ∈ Γ,

and of µxα and νxα for all x ∈ Var. Literals and variables have no direct subformulas.
The complexity of a formula α, in symbols |α|, is the length of the longest chain of direct
subformulas starting from α.

3 The term ‘quantifier’ refers to the role of the operators in Tarskian semantics in which they are interpreted
as quantifiers ranging over truth values; cf Proposition 2.11.
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A second notion of subformula is more relevant to the proof systems and semantics
utilised in this chapter, where the provability or validity of a quantified formula σxα is made
contingent on the provability/validity of the fixed point ‘unfolding’ α(σxα/x). This notion is
called the Fischer–Ladner subformula relation, or FL-subformula, after its introduction in [16].
Unlike the relation of direct subformula, the FL-subformula relation is not well-founded:
α = µx□x is a proper FL-subformula of □α, which is a proper FL-subformula of α. A
formula α is an immediate FL-subformula of β iff either
1. β = △α for △ ∈ {□, ♢},
2. β = ⃝Γ for ⃝ ∈ {

∧
,
∨

} and α ∈ Γ, or
3. β = σxγ and α = γ(β/x) for some σ ∈ {µ, ν}, x ∈ Var and γ.
The relation of FL-subformula is the reflexive and transitive closure of the immediate FL-
subformula. The set of FL-subformulas of α is denoted FL(α). An induction on the complexity
of α confirms that FL(α) is finite.

▶ Proposition 2.2. FL(α) is bounded in cardinality by the number of direct subformulas of α.

A thread is a finite or infinite sequence of formulas weakly following the FL-subformula
relation, that is, a sequence t = (αi)i<K for K ≤ ω such that for all i + 1 < K, either
αi+1 = αi or αi+1 is an immediate FL-subformula of αi. In the second case, the thread is
said to progress at i. Of the infinite threads, we are primarily interested in those that progress
infinitely often. These we call progressing threads.

The following present some important properties of threads.

▶ Proposition 2.3. sig(α) = FL(α) ∩ (Var ∪ Lit).

▶ Proposition 2.4. If β is an FL-subformula of α then FL(β) ⊂ FL(α) and sig(β) ⊂ sig(α).

▶ Proposition 2.5. Let (αi)i≤k be a finite thread and suppose |αk| < |αi| for all i < k. Then
there exists a thread (βi)i≤k such that βk ∈ Var and αi = βi(αk/βk) for all i ≤ k.

Proof. By induction on k. Let (αi)i≤k be a finite thread and |αk| < |αi| for all i < k. Let
k > 0 and suppose α0 = σy α′. The induction hypothesis applied to the thread (α1, . . . , αk)
yields a corresponding thread (β1, . . . , βk) such that αi = βi(αk/x) for all 1 ≤ i ≤ k where
x = βk. In particular, α′(α0/y) = β1(αk/x). As |α0| > |αk|, there is a formula β′ such that
β1 = β′(σy β′/y) and α′ = β′(αk/x). Setting β0 = σy β′ completes the argument. The other
cases of α0 are straightforward. ◀

▶ Proposition 2.6. Let (αi)i<ω be a progressing thread. There is a unique formula α satisfying
1. α = αi for infinitely many i,
2. there exists k < ω such that |α| ≤ |αi| for all i > k.
Moreover, α is quantified, namely α = σxβ for some σ ∈ {µ, ν}, x ∈ Var and β.

▶ Definition 2.7 (µ-/ν-thread). Let t be a progressing thread and α = σxβ the formula
identified by Proposition 2.6. If σ = µ we refer to t as a µ-thread, otherwise as a ν-thread.
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2.2 Semantics
Formulas of the modal µ-calculus are evaluated against pointed frames (shortened to frames),
tuples F = ⟨W, E, r, λ⟩ where ⟨W, E⟩ is a countable directed graph over a non-empty set W ,
r ∈ W and λ : W → 2Cons is a function mapping a set of constants to each element of W . We
call W the carrier, elements of W worlds and λ the assignment. The distinguished world r is
called the root of F . Frames will be identified with their carriers, writing u ∈ F to express
that u is a world of F , and the assignment of F denoted λF . For a world u ∈ F , let ⟨F, u⟩ be
the pointed frame ⟨W, E, u, λ⟩ with root u. For u ∈ F , define F (u) = {v ∈ W | (u, v) ∈ E}.

There are two (equivalent) semantics for the modal µ-calculus. One is a lifting of Tarski–
Kripke semantics for modal logic to the quantifiers of Lµ. The other is to view satisfiability
of Lµ formulas as an infinite game between two players, called the model-checking game. We
will employ the latter as it aligns most closely to the realm of cyclic proofs; for more on either
choice of semantics we refer the reader to [10, 8].

In game-semantics, formulas are conceived as specifying the rules of a game between two
players, Verifier and Refuter, whose aim is to verify/refute claims of the kind ‘F validates α’.
In the case that α =

∨
Γ, for example, the rules stipulate that it is Verifier’s turn and that

her move is to select as the next position in the game a statement ‘F validates γ’ for some
γ ∈ Γ. If Verifier is able to win the game from one such position, she will have confirmed that
F is a model of γ and, therefore, that F is a model of α. Refuter’s aim is to win the game
regardless of the move Verifier makes.

Formally, the model checking game is represented as a directed graph whose vertices
express the positions in the game. For a fixed closed formula α and pointed frame ⟨F, r⟩, a
position is a pair (γ, v) for γ ∈ FL(α) and v ∈ F . Each position is assigned an owner – Verifier
or Refuter – and a set of available next moves, called continuations. From the initial position
(α, r), a play of the game unfolds by the player owning the current position selecting the next
from the set of continuations. A player who cannot make a move when required loses. For
example, Verifier immediately wins in the position (

∧
∅, v) since there are no continuations

and Refuter has ownership of the position.
Ownership of positions and admissible continuations are detailed in Table 1. The continu-

ations from (♢γ, v) and (□γ, v) are the positions (γ, w) for w ∈ F (v). Verifier owns (♢γ, v)
and Refuter owns (□γ, v). For a formula α = σxβ there is just one continuation which is
to move to its unfolding β(α/x). As the formula may increase in complexity, plays in the
model-checking game can be infinite. The winning player of an infinite play is determined by
the quantifiers which are unfolded infinitely often during the course of the play.
▶ Definition 2.8 (Model checking game). Let α be a closed formula and F a frame. The
model checking game for (α, F ) is the directed graph G(α, F ) over vertices FL(α) × F with
an edge from p to p′ iff p′ is a continuation of p per Table 1. Each position is assigned an
owner, either Verifier or Refuter, detailed in the table.

A play of the model checking game G(α, F ) is a maximal path through the graph starting
from the position (α, r) where r is the root of F .
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Table 1 The model-checking game G(α, F ).

Positions owned by Verifier

Position Continuations

(a, v) for a ̸∈ λF (v) none
(¬a, v) for a ∈ λF (v) none

(
∨

Γ, v) {(γ, v) | γ ∈ Γ}
(♢α, v) {(α, w) | w ∈ F (v)}
(µxα, v) {(α(µxα/x), v)}

Positions owned by Refuter

Position Continuations

(a, v) for a ∈ λF (v) none
(¬a, v) for a ̸∈ λF (v) none

(
∧

Γ, v) {(γ, v) | γ ∈ Γ}
(□α, v) {(α, w) | w ∈ F (v)}
(νxα, v) {(α(νxα/x), v)}

A finite play must end in a position that has no continuations, namely positions (l, v)
for l ∈ Lit, (

∧
∅, v) and (

∨
∅, v), as well as (♢γ, v) and (□γ, v) if F (v) = ∅. In such cases we

say that the play is losing for the player owning the final position and winning for the other
player. An infinite play is an infinite sequence p = (αi, vi)i of positions such that (αi)i is an
infinite progressing thread. Definition 2.7 designates the thread as either µ or ν. Verifier is
the winner of p iff the thread is ν.

The winning condition on plays is cofinal: for finite plays it depends only on the final
position and for infinite plays is invariant under removing finite prefixes.

▶ Definition 2.9 (Strategy). A strategy for Verifier (Refuter) in G(α, ⟨F, r⟩) is a tree S = ⟨T, ρ⟩
over positions in the game with root labelled by (α, r) and such that for every u ∈ T ,
1. if ρ(u) is a position owned by Refuter (resp. Verifier) then every continuation from ρ(u)

is the label of a successor of u in T .
2. if ρ(u) is a position owned by Verifier (resp. Refuter) and the set of continuations from

ρ(u) is non-empty then u has a successor in T labelled by a continuation of ρ(u).
A play is consistent with S if the play enumerates a path through S. A strategy for Verifier
(Refuter) is winning if every consistent play is winning for Verifier (Refuter).

For a closed formula α, we set ⟨|α|⟩ to be the set of pointed frames F for which there
exists a winning strategy for Verifier in G(α, F ). This definition gives rise to the following
properties showing that the game semantics agrees with the Tarski–Kripke semantics.

▶ Proposition 2.10. The following hold for every a ∈ Cons, α ∈ Lµ, cedent Γ and quantifier σ.
1. ⟨|a|⟩ = {⟨F, r⟩ | a ∈ λF (r)} and ⟨|¬a|⟩ = {⟨F, r⟩ | a ̸∈ λF (r)}.
2. ⟨|

∧
Γ|⟩ =

⋂
γ∈Γ⟨|γ|⟩ and ⟨|

∨
Γ|⟩ =

⋃
γ∈Γ⟨|γ|⟩.

3. ⟨|♢α|⟩ = {⟨F, r⟩ | ∃u ∈ F (r) ⟨F, u⟩ ∈ ⟨|α|⟩} and ⟨|□α|⟩ = {⟨F, r⟩ | ∀u ∈ F (r) ⟨F, u⟩ ∈ ⟨|α|⟩}.

All that is missing from the above is a characterisation of quantified formulas σx α. Let F
be the set of frames. For a variable x and U ⊂ F of frames, let ⟨|α|⟩x 7→U be the set of frames
F for which Verifier has a winning strategy in the modified model-checking game G(α, F )
where positions (x, u) are winning for Verifier iff ⟨F, u⟩ ∈ U . The next result establishes the
equivalence between game and Tarski–Kripke semantics.
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▶ Proposition 2.11. For every closed formula µx α, ⟨|µx α|⟩ =
⋂

{U ⊂ F | ⟨|α|⟩x 7→U ⊂ U}
and ⟨|νx α|⟩ =

⋃
{U ⊂ F | U ⊂ ⟨|α|⟩x7→U }.

Proof sketch. Let S be a winning strategy for Verifier in G(µx α, F ). Let M ⊆ S be the
set of vertices at which µx α occurs which, by assumption, is a well-founded subtree of S.
Via transfinite induction on this tree it can be shown that if ⟨|α|⟩x 7→U ⊂ U then F ∈ U . So
⟨|µx α|⟩ ⊂ U . As ⟨|α|⟩x 7→⟨|µx α|⟩ ⊂ ⟨|µx α|⟩, the first claim is complete. The second claim follows
a dual argument: If U ⊂ ⟨|α|⟩x 7→U then, by repeated application of the inclusion, a winning
strategy in G(νx α, F ) can be defined for every F ∈ U . ◀

In the model-checking game, negation acts as duality: exchanging ownership of all positions
in G(α, F ) is simply the game G(α⊥, F ) up to the naming of positions. Thus, winning
strategies for Verifier in G(α, F ) transfer to winning strategies for Refuter in G(α⊥, F ) and
vice versa. The semantic properties above yield determinacy of the model-checking game: in
every instance G(α, F ) (exactly) one of the two players has a winning strategy:

▶ Corollary 2.12 (Determinacy). For every closed α, ⟨|α⊥|⟩ = F \ ⟨|α|⟩.

▶ Definition 2.13 (Validity, equivalence). A closed formula α is satisfiable if ⟨|α|⟩ ̸= ∅ and
unsatisfiable otherwise. We call α valid if ⟨|α|⟩ comprises all frames. If ⟨|α|⟩ = ⟨|β|⟩ we say
that α and β are equivalent and write α ≡ β.

2.3 Important Fragments
A variable x is guarded in α if every occurrence of x in α is under the scope of a modal
operator. A formula is guarded if for every direct subformula σx α the variable x is guarded in
α. Replacing ‘direct’ in the above by ‘FL-’ yields an equivalent definition. Another equivalent
formulation can be given in terms of cyclic threads:

▶ Proposition 2.14 (Guarded fragment). A formula α0 is guarded iff for every finite thread
(αi)i≤k, if αl = αk for some l < k and the thread progresses between l and k, then for some
j ∈ [l, k) and △ ∈ {□, ♢} it is the case that αj = △αj+1.

We define two closure operations on sets of formulas.

▶ Definition 2.15 (Closure operation). For a set of formulas F , define Clos(F ) to be the least
set C ⊂ Lµ satisfying
1. F ⊂ C,
2. If Γ ⊂ C then {

∧
Γ,

∨
Γ} ⊂ C,

3. If α ∈ C then {□α, ♢α} ⊂ C,
4. If α, β ∈ C and x ∈ Var then α(β/x) ∈ C.
For σ ∈ {µ, ν} define Closσ(F ) to be the least set C ⊂ Lµ satisfying above plus:
5. If α ∈ C then σxα ∈ C.
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Note, in particular, that Clos(F ) (as well as Closσ(F )) is closed under substitution. So,
for instance, µx(x ∨ νy(a ∧ y)) ∈ Clos({µx(x ∨ z), νy(a ∧ y)}) ⊂ Closµ({x ∨ z, νy(a ∧ y)}),
whereas µx(x ∨ νy(x ∧ y)) ∈ Closµ({x ∨ z, νy(x ∧ y)}) \ Clos({µx(x ∨ z), νy(x ∧ y)}).

The closure operation determines a natural quantifier hierarchy of formulas.

▶ Definition 2.16 (Niwiński quantifier hierarchy). The sets Πn, Σn ⊂ Lµ are defined by mutual
recursion:

Σ0 = Π0 is the set of quantifier-free formulas,
Σn+1 = Closµ(Πn),
Πn+1 = Closν(Σn).

Formulas in Clos(Σ1 ∪ Π1) are called alternation-free.

▶ Proposition 2.17 ([22]). Every formula is equivalent to a guarded formula in the same
quantifier classes.

The winning condition of the model-checking game is trivial for Σ1 and Π1 formulas:

▶ Lemma 2.18. Verifier wins no infinite plays in G(α, F ) if α ∈ Σ1 and wins all infinite
plays if α ∈ Π1.

The following characterisation is straightforward.

▶ Lemma 2.19. Σn+1 ∩ Πn+1 = Clos(Σn ∪ Πn).

A formula in Σn+1 \ Clos(Σn ∪ Πn) is called genuine Σn+1. Similarly, a formula in
Πn+1 \ Clos(Σn ∪ Πn) is genuine Πn+1.

▶ Definition 2.20 (Ambiguous classes). For a set of formulas F , define F ≡ to be the set
of formulas equivalent to some formula in F . The ambiguous class at level n is the set
∆n = Σ≡

n ∩ Π≡
n .

The counting of the ambiguous classes conventionally begins at the first level, so ∆1 is
called the first ambiguous class, ∆2 the second and so on. From Lemma 2.19 we have that
Clos(Σn ∩ Πn)≡ ⊂ ∆n+1 for all n. The two sets turn out to be identical for n ∈ {0, 1}. If α is
equivalent to both a Σ1 and Π1 formula then α is equivalent to a quantifier-free formula, and if
α is equivalent to formulas in Σ2 and Π2, then α is equivalent to a formula in the intersection
Σ2 ∩ Π2 [7]. Both results are corollaries of Craig interpolation, proven in Sections 4 (for n = 0)
and 6 (for n = 1). A seminal result in the modal µ-calculus, established by Santocanale and
Arnold [34], is that the comparison is strict at all other levels: for every n > 2 there exists a
formula in ∆n which is not equivalent to any formula in (Σn ∩ Πn)≡.
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Θ, Γ ⇒ ∆ ∧
L∧

Θ, Γ ⇒ ∆
α, Γ ⇒ ∆ for all α ∈ Θ ∨

L∨
Θ, Γ ⇒ ∆

α(σx α/x), Γ ⇒ ∆
σL

σx α, Γ ⇒ ∆

Γ ⇒ ∆, α for all α ∈ Θ ∧
R

Γ ⇒ ∆,
∧

Θ
Γ ⇒ ∆, Θ ∨

R
Γ ⇒ ∆,

∨
Θ

Γ ⇒ ∆, α(σx α/x)
σR

Γ ⇒ ∆, σx α

α, Γ ⇒ ∆
♢L

Γ′, ♢α,□Γ ⇒ ♢∆, ∆′
Γ ⇒ ∆, α

□R
Γ′,□Γ ⇒ ♢∆,□α, ∆′

id
Γ, l ⇒ l, ∆

idL
Γ, a, ¬a ⇒ ∆

idR
Γ ⇒ ∆, a, ¬a

b
Γ ⇒ ∆

Γ ⇒ ∆ c
Γ ⇒ ∆

Figure 1 Basic rules of inference. Rules denoted ⋆L/⋆R are called left/right rules respectively.
Rules b and c are structural rules; others are logical rules. The rules □R and ♢L are, collectively, the
modal rules. Instances of b and c are called buds and companions respectively.

3 Cyclic Derivations

We introduce a sequent calculus for the modal µ-calculus. The calculus derives expressions
Γ ⇒ ∆, called sequents, where Γ and ∆ are finite sets of closed and guarded formulas,
henceforth referred to as cedents. We refer to Γ as the left cedent of Γ ⇒ ∆ and to ∆ as the
right cedent. In the context of sequents, formulas are identified with singleton sets and union
is expressed by comma, so Γ, ∆ = Γ ∪ ∆ and Γ, α = Γ, {α}.

The sequent Γ ⇒ ∆ is valid if ⟨|
∧

Γ|⟩ ⊂ ⟨|
∨

∆|⟩. That is, for every frame ⟨F, r⟩, if Verifier
has a winning strategy from (γ, r) for each γ ∈ Γ, then she has a winning strategy from (δ, r)
for some δ ∈ ∆. Corollary 2.12 implies that the sequents Γ ⇒ ∆ and Γ, ∆⊥ ⇒ are equi-valid:
one is valid iff both are.

Figure 1 presents the rules of our sequent calculus, named Kµ. Dropping the structural
and quantifier rules yields a natural sound and complete sequent calculus for basic modal
logic K. A sequent which has been derived via the rule b will be called a bud. In the presence
of b the calculus is clearly unsound, but incomplete without the rule. A sound and complete
calculus for sequents in Kµ will be obtained by carefully constraining, in a purely syntactic
manner, how buds may be utilised within a proof. In other words, the calculus of rules from
Figure 1 should not be conceived of as a proof system per se, but as a system of derivations
of which some will constitute proofs.

Before presenting the calculus in detail, we fix some basic concepts and notation.

▶ Definition 3.1 (The sequent calculus Kµ). The sequent calculus Kµ is specified by the rules
in Figure 1. For each rule, the sequent below the line is the conclusion and the sequents above
are the premises. An instance of the structural rule b or c is called, respectively, a bud or
companion.
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b
⇒ α, β, α ∨ β ∨

R
⇒ α, β, α ∨ β

c
⇒ α, β, α ∨ β

id
a, α ⇒ a ∧

L
a ∧ α ⇒ a

□R
b,□(a ∧ α) ⇒ □a, ♢β

b
b, α ⇒ β ∧

L
b ∧ α ⇒ β

♢L
b, ♢(b ∧ α) ⇒ □a, ♢β ∨

L
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ □a, ♢β ∨

R
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ □a ∨ ♢β

µR
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ β

µL
b, α ⇒ β

c
b, α ⇒ β

Figure 2 Two examples of derivations. In the right-hand derivation, α = µx.□(a ∧ x) ∨ ♢(b ∧ x)
and β = µx(□a ∨ ♢x). The left-hand derivation is not a cyclic derivation because of the lack of a
modal rule. The right-hand derivation qualifies as a cyclic derivation and, moreover, as a cyclic proof.

▶ Definition 3.2 (Derivation). A derivation in a sequent calculus is a tree over sequents and
rules of the calculus such that every vertex and its immediate successors are the conclusion
and premises respectively of the associated rule. The sequent labelling the root vertex is the
end-sequent of the derivation.

Relevant to subsequent definitions is the implicit constraint that every vertex of a derivation
is a correct application of a rule of inference. In particular, leaves must be assigned rules
with zero premises, such as id, idL, idR, b, or the specific instances of

∨
L and

∧
R introducing

the formulas ⊥ =
∨

∅ and ⊤ =
∧

∅. Such rule instances are called initial. The rules b and c
are collectively called structural rules; all others rules are logical. The rules □R and ♢L are
modal rules, and the rules id, idL and idR are identity rules.

In each instance of a logical rule one or more formulas in the conclusion sequent are
distinguished and called the principal formula(s). This is the distinguished formula

∧
Θ in the

conclusion of
∧

L and
∧

R, the formula σx α in σL and σR, the formula ♢α in the left cedent
of ♢L and □α in the right cedent of □R and, finally, the marked literals in the three identity
rules. The active formulas are the formulas in the premise(s) of each rule that correspond to
the principal formula: all formulas in Θ for

∧
L, the formula α(σx α/x) in the premise of σL,

the formula α in the left cedent of the premise of ♢L, etc. All other formulas in a rule are
called side formulas. Given a vertex v of a derivation, a formula is principal at v if it is the
principal formula of the rule at v, and is active if it is an active formula in the sense of the
rule at the parent vertex (to which v is a premise).

Finite derivations without buds are sound, in the sense that their end-sequent must be
valid. The set of finite bud-free derivations is, however, incomplete as the rules of the calculus
do not distinguish between the quantifiers µ and ν. If a formula α admits a bud-free derivation
then so does the result of exchanging any ν for µ, and vice versa, in α. In particular, the
valid sequent ⇒ νx□x has no bud-free derivation.
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A sound and complete calculus is obtained by permitting some (but not all) infinite
derivations as proofs. The symmetry of µ and ν is broken by imposing a restriction on their
occurrences along any infinite path. The valid formula νx□x admits an infinite derivation
by continually alternating applications of νR and □R, and the invalid formula µx□x has a
derivation given by continually alternating µR and □R. The infinitely many applications of
the rule νR will qualify the former derivation as a ‘proof’ but not the latter.

In fact, for the modal µ-calculus (and many other modal/temporal logics), it is sufficient
to treat only derivations which ultimately repeat themselves. These derivations will be called
‘cyclic’. The special rules b and c provide a syntax for describing cyclic derivations. Given a
derivation D, let bud(D) and comp(D) be the set of buds and, respectively, companions.

▶ Definition 3.3 (Cyclic derivation). A cyclic derivation is a finite derivation D equipped with
a function c : bud(D) → comp(D) mapping each bud b to a companion bc <D b satisfying:
1. the sequents at b and bc are identical,
2. there is an application of a modal rule on the path from bc to b.

We refer to bc as the companion to b.

▶ Example 3.4. Figure 2 presents two derivations. The left-hand tree is a derivation because
of the set-based perspective of sequents that allows the principal formula of

∨
R, namely α ∨ β,

to occur also as a side formula. Although the single bud is repeating the root sequent and
the latter is a companion, the tree is not a cyclic derivation because there is no modal rule
between the (only) companion and bud. In contrast, the right-hand derivation in Figure 2 is
a cyclic derivation: The companion to the single bud is also the root and there is a modal
rule (♢L) between the two vertices. ⌟

Let D be a cyclic derivation. As the sequent at every bud in D is identical to that of its
companion, any bud b of D could be extended by inserting a copy of the subderivation rooted
at bc. The result would be another cyclic derivation of the same sequent, which we call an
unfolding of D. Repeatedly applying this operation so that every bud is eventually unfolded
and removing superfluous companion rules, produces a bud-free derivation which we call the
unravelling of D and denoted Dω. If D has at least one bud, the unravelling of D will be an
infinite derivation.

The branches of a cyclic derivation are all finite by assumption. We also want to consider
sequences of vertices that describe branches of the unravelling of the cyclic derivation. We
call these paths where a path through a cyclic derivation D is a finite or infinite sequence of
vertices (ui)i<K such that for every i, if i + 1 < K then either ui+1 is an immediate successor
of ui or ui is a bud and ui+1 = (ui)c is the associated companion.

An important relation that we will make extensive use of later is a connectedness relation
between companions taking into account the process of unravelling. We introduce a relation
◁D ⊂ comp(D) × D defined by u ◁D v iff u ∈ comp(D) is a companion and u <D v <D w for
some w ∈ bud(D) such that u = wc.
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3.1 Cyclic Proofs at the First Level
Attending to sequents at the first level of the quantifier hierarchy, that is, Γ ⇒ ∆ where
Γ ∪ ∆ ⊂ Σ1 ∪ Π1, a simple syntactic constraint isolates a class of derivations that are sound
and complete for the fragment. These are the derivations for which every bud is a repetition
of a sequent on the same branch as the bud and, moreover, the bud contains either a Σ1
formula in the left cedent or a Π1 formula in the right cedent. The fact that a bud must be
a repeated sequent means that a proof for this fragment can be conceived of as an infinite
derivation where in place of the bud the derivation loops back to its repeat. Unsurprisingly,
such derivations will be called cyclic proofs.

We treat the notion of cyclic proof for sequents at the first level in detail in this section.
This will be sufficient to obtain various Lyndon and Uniform Interpolation theorems for
sequents and formulas at the first quantifier level, covered in Sections 4 and 5. Sequents
beyond the first level necessitate a more careful definition of proof to ensure both soundness
and completeness. The same concept of a cyclic derivation will be used but the condition on
when a cyclic derivation is a proof is no longer localised to a simple property on each bud.
Rather, we must consider the various infinite paths through the cyclic derivation and the
formula threads that each path carries. A definition of proofhood appropriate for the second
level and higher is the topic of Section 6.

For sequents at the first level of the quantifier hierarchy, the sound derivations can be
readily carved out based on the formulas featured in buds and companions.

▶ Definition 3.5 (Cyclic proofs at the first level). Let Γ ⇒ ∆ be a sequent at the first level
and D a cyclic derivation of Γ ⇒ ∆. Let Γu ⇒ ∆u denote the sequent at vertex u ∈ D. A
bud u is:
Left successful if Γu contains a genuine Σ1 formula.
Right successful if ∆u contains a genuine Π1 formula.
Successful if u is left or right successful.
A cyclic proof is a finite cyclic derivation D for which every bud is successful. If there exists
a cyclic proof of Γ ⇒ ∆, we write ⊢ Γ ⇒ ∆.

▶ Example 3.6. The right-hand derivation in Figure 2 is a cyclic proof. The end-sequent
is in Π1 ∪ Σ1. As the single bud contains a genuine Σ1 formula in the left cedent (α), it is
successful. As the left-hand derivation in that figure is not a cyclic derivation, neither is it a
proof. Figure 3 presents a cyclic derivation demonstrating the necessity of requiring that the
Π1/Σ1 formula in the bud is genuine. ⌟

Duality of the sequent calculus yields

▶ Proposition 3.7. ⊢ Γ ⇒ ∆ iff ⊢ ⇒ Γ⊥, ∆, iff ⊢ Γ, ∆⊥ ⇒.

Weakening is the rule that allows deriving sequents Γ′, Γ ⇒ ∆, ∆′ from Γ ⇒ ∆. We denote
the rule by w. The sequent calculus Kµ implicitly incorporates weakening at initial sequents
and in applications of the modal rules but it does not allow uses of the rule more generally.
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b
⇒ □⊥,□µx(□⊥ ∨ □x) ∨

R
⇒ □⊥ ∨ □µx(□⊥ ∨ □x)

µR
⇒ µx(□⊥ ∨ □x)

□R
⇒ □⊥,□µx(□⊥ ∨ □x)

c
⇒ □⊥,□µx(□⊥ ∨ □x)

Figure 3 A cyclic derivation of an invalid sequent. The single bud of the derivation contains a Π1

formula (□⊥) but no genuine Π1 formula.

On occasion it is convenient to assume that the rule is explicitly included in the calculus.
Indeed, the addition of the rule to Kµ, while keeping the definition of cyclic derivation/proof
otherwise unchanged, proves the same sequents as Kµ itself. The proof of this fact proceeds
by ‘pushing’ each application of weakening upwards through the cyclic derivation (permuting
with the logical rules) until it is absorbed by a modal or identity rule. A subtlety arises in
uses of weakening below buds or companions. These are treated by unfolding the derivation
once and continuing the process. We leave the full proof as an exercise.

▶ Proposition 3.8. A sequent admits a cyclic proof in Kµ + w iff it does so in Kµ.

We prove soundness and completeness for this notion of proof with respect to the game
semantics of Section 2. The proof of soundness, that conclusions of cyclic proofs are valid,
proceeds by relating strategies in the model-checking game to paths through a cyclic derivation
and the success condition on buds to winning conditions.

▶ Proposition 3.9 (Soundness). For Γ ∪ ∆ ⊂ Σ1 ∪ Π1, if ⊢ Γ ⇒ ∆ then Γ ⇒ ∆ is valid.

Proof. Determinacy (Corollary 2.12) and duality (Proposition 3.7) imply that it suffices to
treat the case that ∆ = ∅. Let Γ ⊂ Σ1 ∪ Π1 and let D be a cyclic derivation of Γ ⇒. Let F

be any frame. We show that if there exists a winning Verifier strategy in the model checking
game G(

∧
Γ, F ), then D is not a proof in the sense of Definition 3.5. Let S be any Verifier

strategy in this game. We call a set X ⊂ S a bar if no two elements of X lie on the same
path through S.

Under the assumption that S is a winning strategy, we show it is possible to define a path
(ui)i through D, a sequence of finite bars (Xi)i and a sequence of worlds (wi)i in F satisfying
1. The set of positions in Xi is {(γ, wi) | γ ∈ Γi} where Γi ⇒ is the sequent at ui.
2. Every position in Xi+1 is either in Xi or is an available move from a position in Xi.
3. For every i > 0 there exists j > i such that Xi ∩ Xj = ∅.
The root of D is associated the bar X0 of vertices of S immediately above the root and w0 is
the single world assigned to these positions. As the root of S is the position (

∧
Γ, w0), the

first two conditions are met. Note that property 3 is a consequence of the first two since
every path through D contains infinitely many vertices labelled by modal rules.
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γ1, ∆ ⇒ · · · γn, ∆ ⇒ ∆ ⇒
L ⊂ Lit ♢∗L

♢γ1, . . . , ♢γn,□∆, L ⇒

Figure 4 The ‘branching’ modality rule (♢∗L) used to obtain templates. Applications of this
rule in the calculus are subject to the constraint that no other rule of the calculus has the same
conclusion. In particular, L is a consistent set of literals. The rightmost premise of ♢∗L is the minor
premise; other premises are major.

Suppose the finite sequences (ui)i≤k, (Xi)i≤k and (wi)i≤k have been defined. If uk is a
companion, set uk+1 to be the premise; if uk is a bud, uk+1 is the associated companion. In
either case, Xk+1 = Xk and wk+1 = wk.

If the rule at uk is
∨

L with principal formula
∨

∆ then there is a position (
∨

∆, wk) in the
bar Xk. Since S is a winning, ∆ ̸= ∅ and S has a position (δ, wk) for some δ ∈ ∆ labelling
the immediate successor of a vertex in Xk. Select uk+1 to be the successor of uk whose active
formula is δ, let wk+1 = wk and Xk+1 be the bar exchanging the position (

∨
∆, wk) for (δ, wk)

in Xk. The other non-modal rules are similar. Note, uk cannot be an identity rule because in
that case there will be positions (a, wk) and (¬a, wk) in S in contradiction with S winning.

Suppose the rule at uk is a modal rule, namely ♢L, with principal formula ♢γ. Let γ, ∆ ⇒
be the sequent of the premise, so □∆ is a subset of the left cedent at uk. By assumption, the
positions (♢γ, wk) and (□δ, wk) for each δ ∈ ∆ label vertices in Xk. From the first, and the
assumption that S is winning, we find a world wk+1 such that (γ, wk+1) is the next position
in S after (♢γ, wk). We also find the positions (δ, wk+1) among the immediate successors
of the vertices in Xk. Setting Xk+1 to be the corresponding vertices in S, satisfies the two
conditions.

Let X =
⋃

i Xi. This is a finitely branching subtree of S. Condition 3 provides that X is
infinite and so X has an infinite branch by König’s Lemma. Now consider a bud b of D which
occurs infinitely often in the path (ui)i. Each formula at b necessarily appears infinitely often
along some infinite path of X. As S is winning for Verifier, these formulas must all be Π1,
meaning that b is not successful. ◀

3.2 Proof Search
Completeness of cyclic proofs is shown via a proof-search argument: Given a sequent we
define a cyclic derivation within a variant of Kµ and show that the derivation either contains
a cyclic proof of the sequent or encodes a witness of its invalidity.

The proof-search calculus comprises the structural and left rules of Kµ with a branching
modal rule in place of ♢L. The special modal rule, ♢∗L, is presented in Figure 4. A set of L

of literals is inconsistent if {a, ¬a} ⊂ L for some constant a, and is consistent otherwise. The
conclusion of the branching modal rule must be a sequent of the form ♢Γ,□∆, L ⇒ where
L ⊂ Lit is a consistent set of literals. It has as a premise the sequent γ, ∆ ⇒ for every γ ∈ Γ,
called the major premises, and a final premise with the sequent ∆ ⇒ alone, called the minor
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idL
a,□νxα, ¬a ⇒

b
νxα, µxβ ⇒

b
νxα ⇒

♢∗L
a,□νxα ⇒ ∧

L
a ∧ □νxα ⇒

νL
νxα ⇒

c
νxα ⇒

♢∗L
a,□νxα, ♢µxβ ⇒ ∨

L
a,□νxα, ¬a ∨ ♢µxβ ⇒

µL
a,□νxα, µxβ ⇒ ∧

L
a ∧ □νxα, µxβ ⇒

νL
νxα, µxβ ⇒

c
νxα, µxβ ⇒

Figure 5 A template for {νx α, µx β} where α = a∧□x and β = α⊥. The central bud is successful
as it contains a genuine Σ1 formula, whereas the rightmost bud is unsuccessful. Pruning the lower
instance of ♢∗L to its (only) major premise witnesses provability of the endsequent. Any other
ordering of the logical rules results in the same sequents at modal rules.

premise. The minor premise plays no role in the proof-search beyond ensuring that instances
of modal rules always contain at least one premise, relevant if Γ = ∅. Note, however, that if
∆ = ∅ then the minor premise will be the empty sequent ⇒, which can be ‘derived’ via a
degenerate application of ♢∗L with both conclusion and (single) premise empty.

We call the sequent calculus described above the template calculus and a (finite) cyclic
derivation in the calculus a template. Figure 5 presents an example of a template.

▶ Definition 3.10 (Template calculus). The template calculus is the sequent calculus comprising
the structural rules and logical left rules of Kµ, with the modal rule ♢L replaced by the rule
♢∗L in Figure 4.

A template is a cyclic derivation T in this calculus such that between each bud and its
associated companion there is an instance of the modal rule ♢∗L. If the end sequent of T is
Γ ⇒, we refer to T as a template for Γ or an α-template if Γ = {α}.

Let T be a derivation in the template calculus. A pruning of T is a subtree P obtained
by discarding all but one premise of each modal rule (and the entire subtree above a removed
vertex). If the pruning always selects a major premise of an undeleted modal rule ♢∗L then
by labelling these rules as ♢L the pruning can be conceived as a derivation in Kµ. If T is a
template then any pruning to a Kµ derivation will be a cyclic derivation.

▶ Proposition 3.11. Let T be a template for Γ ⊂ Π1 ∪ Σ1. If Γ ⇒ is valid then T admits a
pruning to a cyclic proof.
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Proof. Let T be a template for Γ ⊂ Σ1 ∪ Π1. We recursively label each vertex of T as either
successful or unsuccessful. A bud is successful iff it fulfils the criterion of Definition 3.5,
namely the left cedent contains a genuine Σ1 formula. A vertex labelled by

∨
L is successful

iff all of its premises are successful and a vertex labelled by ♢∗L is successful iff at least one
major premise is successful. Initial sequents are always successful. All other rules are unary
and are successful iff the single premise is successful.

If the root of T is successful then there is pruning of T to a cyclic proof. For the purpose
of the claim we may assume that the root of T is unsuccessful. It suffices to show that
⟨|
∧

Γ|⟩ ̸= ∅, from which it follows that Γ ⇒ is not valid. Let U be a subtree of T comprising
the unsuccessful vertices but with only one successor chosen for any instance of

∨
L. By

recursion through U we construct a frame F = ⟨W, E, r, λ⟩ and a winning strategy for Verifier
in the game G(

∧
Γ, F ). The root of U is associated the frame comprising a single root world r

with empty assignment and the Verifier strategy consists of just the starting position (
∧

Γ, wr)
and the next available moves {(γ, wr) | γ ∈ Γ}. For non-modal rules, the current world
is unchanged from conclusion to premise and the leaf in the strategy corresponding to the
principal formulas is extended by one step. In all cases but disjunction, this is straightforward.
If the principal formula is a disjunction

∨
∆ then, as the present vertex of U is unsuccessful,

a premise of the rule is in U and the strategy is extended by selecting the active formula for
this premise. Upon reaching a modal rule, we know that all major premises are present in
U . Let ♢Γ,□∆, L be the left cedent at this vertex of T and let w be the world which has
been associated to this vertex. The first task is to specify the assignment at w which we take
to be the set of constants present in the sequent, i.e., λ(w) = L ∩ Cons. This definition is
well-formed as every world created in F gets associated to exactly one conclusion of a modal
rule. Next, the frame is extended by adding a fresh world, wγ , and edge (w, wγ) to F for
each γ ∈ Γ and associating the world wγ to the major premise whose active formula is γ. The
extension of the Verifier strategy is the obvious one: positions (♢γ, w) in S are continued to
(γ, wγ), a position (□δ, w) is extended by all available moves {(δ, wγ) | γ ∈ Γ} and positions
(l, w) (for l ∈ L) are terminating in the strategy.

Once the recursive construction of F and S has reached all buds of U , the intended
frame and strategy is completed by identifying leaves of F with the world associated to the
companion in T and likewise for S. Consider any play consistent with S. If the play is finite,
the final position was created from a modal rule in U and, by design, the play is winning for
Verifier. If the play is infinite then it infinitely often contains a formula in an unsuccessful
bud of T . As such formulas are all Π1, the plays are winning for Verifier. ◀

▶ Proposition 3.12 (Completeness). For Γ ∪ ∆ ⊂ Σ1 ∪ Π1, if Γ ⇒ ∆ is valid then ⊢ Γ ⇒ ∆
with a cyclic proof of height ≤ 2|FL(Γ)|+|FL(∆)|+1.

Proof. By Proposition 3.11 it suffices to confirm that a template for Γ exists with the required
height. Let us call a logical rule of Kµ conservative if its principal formula is not also a side
formula. For the logical rules in Figure 1, the conservative instances are those where the
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principal formula of a left/right rule is not also a side in the same cedent. Thus, of the two
following instances of µL, the first is conservative if µx α ̸∈ Γ and the second is an example of
a non-conservative instance of the same rule regardless of Γ.

Γ, α(µx α/x) ⇒ ∆
µL

Γ, µx α ⇒ ∆
Γ, µx α, α(µx α/x) ⇒ ∆

µL
Γ, µx α ⇒ ∆

Starting with root Γ ⇒, systematically apply conservative instances of non-modal (left)
rules in any order. Each application of a conservative non-modal rule reduces a particular
complexity measure on cedents given by |Γ|♢∗L =

∑
γ∈Γ |γ|♢∗L where |γ|♢∗L is defined as |γ|

except that |□δ|♢∗L = |♢δ|♢∗L = 0 for all formulas δ. The only non-obvious case is that of
the quantifiers, where we recall that sequents comprise only guarded formulas and that if
µx α is locally guarded then |α(µx α/x)|♢∗L < |µx α|♢∗L.

Thus, the above process concludes in a finite derivation in non-modal left rules wherein
every leaf is a sequent of the form ♢Θ,□∆, L ⇒ for L ⊂ Lit. If L is inconsistent, this sequent
is an instance of idL; otherwise, apply the branching modal rule ♢∗L and repeat the process
from each premise. As every sequent produced will be a subset of the Fischer–Ladner closure
of Γ, which is finite, every branch will eventually repeat. Closing the derivation at the first
repeated sequent as a bud and inserting an instance of the companion rule yields a template.
The bound on height arises from the observation that after the insertion of companions, each
branch of the template duplicates a sequent along it at most once, except for the bud which
is duplicated twice. ◀

Combining the above we obtain:

▶ Theorem 3.13. For Γ, ∆ ⊂ Π1 ∪ Σ1, the following are equivalent
1. Γ ⇒ ∆ is valid.
2. ⊢ Γ ⇒ ∆ is witnessed by a cyclic proof with height ≤ 2|FL(Γ)|+|FL(∆)|+1.

The arguments underlying the proof of soundness and completeness are not constrained
to the first quantifier level. Given a cyclic derivation D of a sequent Γ ⇒, the soundness
argument translates Verifier strategies in a game G(

∧
Γ, F ) for some F into paths through D

that, in a precise sense, carries plays consistent with the strategy. If the strategy is winning
for Verifier then the path will be infinite. Dually, the proof of Proposition 3.11 describes a
translation of certain subtrees of templates into Verifier strategies over certain frames, with a
similar correspondence between paths through the derivation and plays consistent with the
strategy. The role of the syntactic restriction on sequents is to link the winning strategies to
cyclic proofs. In both proofs, the success condition on the buds of a cyclic proof ensures, via
Lemma 2.18, that the described Verifier strategies are winning.

Two notable corollaries to Theorem 3.13 arise from specialising the form of the sequent.

▶ Corollary 3.14. For α ∈ Π1 and β ∈ Σ1, α ⇒ β is valid iff there exists a finite bud-free
derivation of α ⇒ β of height at most 2|FL(α)|+|FL(β)|+1.
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Proof. For α ∈ Π1 and β ∈ Σ1, a cyclic proof of α ⇒ β is, by requirement, bud-free. ◀

▶ Corollary 3.15. For α ∈ Σ1 and β ∈ Π1, α ⇒ β is valid iff there exists a cyclic derivation
of α ⇒ β of height at most 2|FL(α)|+|FL(β)|+1.

Proof. Similar to Corollary 3.14, but noting that for α ∈ Σ1 and β ∈ Π1, every cyclic
derivation is a cyclic proof. ◀

4 Lyndon Interpolation at the First Level

Via the simple cyclic proofs introduced in the previous section, Craig and Lyndon interpolation
can be established for the first level of the modal µ-calculus, namely for sequents built from
Σ1 ∪ Π1. Lyndon interpolation is the property that if ⊢ α ⇒ β then ⊢ α ⇒ ι and ⊢ ι ⇒ β

for some ι with sig(ι) ⊂ sig(α) ∩ sig(β). The formula ι is called the interpolant. Recall that
sig(α) – the signature of α – records the polarity (negated or unnegated) of the constants
occurring within α. In particular, for α closed sig(α) = FL(α) ∩ Lit.

The construction of interpolants directly generalises the proof-theoretic method for modal
logic K presented in [9]. That argument recursively ascribes an interpolant to each sequent
in a finite proof, starting at leaves and progressing towards the root through the modal and
other logical rules. The desired Craig/Lyndon interpolant is the formula assigned to the root
sequent.

The quantifier rules σL and σR do not affect the construction of interpolants as the
signature is unaltered from premise and conclusion. That is, an interpolant chosen for the
premise of such a rule is already an interpolant for the conclusion. As we shall see, it is the
relaxation to cyclic proofs that presents the main hurdle to lifting interpolation from K to Kµ.

4.1 Lyndon Candidates
Lifting interpolation from bud-free to cyclic proofs is not immediate. To visualise the
difficultly, consider the cyclic proof of the sequent b, µx.□(x ∧ a) ∨ ♢(b ∧ x) ⇒ νx(□a ∨ ♢x)
from Figure 2, repeated in Figure 6. To directly apply the recursive construction from [9]
one must first assign an ‘interpolant’ to the single bud b, α ⇒ β before building from this
an interpolant for the root. Let z denote a hypothetical interpolant of the bud sequent.
Following the standard construction leads to the formula □a ∨ ♢z as an interpolant for the
sequent at the root (cf. left-hand derivation in Figure 6, ignoring the companion vertex).
As bud and end-sequent are identical, it follows that each of z, □a ∨ ♢z, □a ∨ ♢(□a ∨ ♢z),
etc. are all interpolants for b, α ⇒ β. The dependency on z can be removed by finding a
formula ι ≡ □a ∨ ♢ι. That is, we can hope that an interpolant of the companion will be
either µz(□a ∨ ♢z) or νz(□a ∨ ♢z) with the choice of quantifier determined by properties
of the cyclic proof as a whole. For this specific example, the reader can confirm that both
formulas are (Lyndon) interpolants, though this is not in general the case.
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id
a, α ⇒ a ∧

L
a ∧ α ⇒ a

□R
b,□(a ∧ α) ⇒ □a, ♢β

b
b, α ⇒ β ∧

L
b ∧ α ⇒ β

♢L
b, ♢(b ∧ α) ⇒ □a, ♢β ∨

L
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ □a, ♢β ∨

R
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ □a ∨ ♢β

νR
b,□(a ∧ α) ∨ ♢(b ∧ α) ⇒ β

µL
b, α ⇒ β

c
b, α ⇒ β

id
a

a
□R

□a

b
z

z
♢L

♢z ∨
L

□a ∨ ♢z

□a ∨ ♢z

□a ∨ ♢z

□a ∨ ♢z
c

σz(□a ∨ ♢z)

Figure 6 The cyclic proof from Figure 2 (left) and the formula associated to each vertex following
Construction 1 for an arbitrary marking (right), with the root formula being the Lyndon candidate
induced by this derivation. As before, α = µx(□(a ∧ x) ∨ ♢(b ∧ x)) and β = νx(□a ∨ ♢x).

The introduction of quantifiers into interpolants can be identified with companion vertices,
meaning that the construction remains recursive in the given cyclic proof. The process begins
at buds which are assigned variables so that buds with a common companion are given
the same variable. Interpolants for other vertices are chosen to mirror the structure of the
derivation, with quantifiers being introduced by companions, illustrated in Figure 6.

For reasons that will become clear, the choice of quantifier will be specified as an input to
the construction of interpolants along with the cyclic derivation. Define a marked (cyclic)
derivation to be a pair (D, σ) where D is a (cyclic) derivation and σ : comp(D) → {µ, ν} is an
assignment of a quantifier (either µ or ν) to each companion. The function σ will be referred
to as a marking of D. The construction of a ‘candidate’ Lyndon interpolant from a marked
cyclic derivation is formalised by the following.

▶ Construction 1. Let (D, σ) be a marked cyclic derivation. Let v 7→ xv : comp(D) → Var be
an injection of companion vertices in D into variables. In the following we write σv for σ(v).
If v ∈ D has just one immediate successor, we denote it by v+. Each v ∈ D is associated a
formula ιv defined by recursion on D:
Bud: ιv = xvc , namely the variable associated to the bud’s companion.
Logical Rule:

id. ιv = l where l is the principal literal.
idL. ιv = ⊥.
idR. ιv = ⊤.∨

L. ιv =
∨

{ιw | w ∈ SucD(v)}.∧
R. ιv =

∧
{ιw | w ∈ SucD(v)}.

♢L. ιv = ♢ιv+ .
□R. ιv = □ιv+ .
Any other logical rule. ιv = ιv+ .

Companion: ιv = σvxv ιv+ .
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The Lyndon candidate induced by (D, σ) is the formula ι(D,σ) = ιr where r is the root of D.

We begin with some observations concerning the structure of Lyndon candidates. Let
(D, σ) be any marked cyclic derivation.

▶ Lemma 4.1. |ι(D,σ)| ≤ h(D).

▶ Lemma 4.2. If the endsequent of D is Γ ⇒ ∆ then sig(ι(D,σ)) ⊂ sig(Γ) ∩ sig(∆).

▶ Lemma 4.3.
1. If comp(D) = ∅ then ι(D,σ) is quantifier-free.
2. If σ(u) = µ for every u ∈ comp(D) then ι ∈ Σ1.
3. If σ(u) = ν for every u ∈ comp(D) then ι ∈ Π1.

All three lemmas above are immediate consequences of Construction 1. The following
generalisation of Lemma 4.3 will be useful in Section 6.

▶ Lemma 4.4.
1. If σ(u) = σ(v) whenever u ◁D v ∈ comp(D), then ι(D,σ) is alternation-free.
2. If for every sequence u0 ◁D · · · ◁D uk ∈ comp(D) we have |{i < k | σ(ui) ̸= σ(ui+1)}| ≤ n,

then ι(D,σ) ∈ Clos(Σn+1 ∪ Πn+1).

To validate that a candidate interpolant actually interpolates the intended sequent, it
remains to build the witnessing proofs. This step also follows the proof-theoretic method
presented in [9] and [17] whereby the derivation is modified by inserting in place of either the
left or right cedent a subformula of the candidate interpolant. From a cyclic derivation of
α ⇒ β and a candidate interpolant ι = ι(D,σ) derived from this derivation we can, without
difficulty, obtain cyclic derivations for the sequents α ⇒ ι and ι ⇒ β.

Whether the constructed derivations are cyclic proofs depends on properties of the marking.
Under the constant marking u 7→ ν, the sequent α ⇒ ι always admits a cyclic proof, whereas
provability of ι ⇒ β is trivialised by the opposite marking u 7→ µ. Finding a compromise
that works for both sequents is the main hurdle to proving interpolation, though this problem
manifests only for sequents beyond the first quantifier level.

The next two results describe the transformation in detail. As mentioned, the idea is
to replace in each sequent of a cyclic proof P ⊢ α ⇒ β the left (resp. right) cedent by the
candidate interpolant associated to that vertex. Taken literally, however, this will not yield a
derivation because the interpolants associated to the premise and conclusion of a companion
cannot be linked by a rule of the calculus. The former will be a formula ιu with a free
variable xv whereas the latter will be a quantified formula ιv = σvxv ιu. But as the reader
has likely guessed, the ‘real’ interpolant associated to the premise of a companion should be
the unfolding of ιv, namely ιu(ιv/xv). The necessary substitutions are expressed as follows.
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▶ Definition 4.5 (Lyndon candidate at a vertex). Let (D, σ) be a marked cyclic derivation
with root Γ ⇒ ∆ and let ιv be the formula associated to v by Construction 1. Let C◁v = {u ∈
comp(D) | u ◁D v} be the companion vertices strictly below v ∈ D relative to the ordering ◁D.
For each v ∈ D, the Lyndon candidate at v is the formula ι̂v defined as

ι̂v = ιv(ιc1/xc1) · · · (ιcn/xcn) where c1 < · · · < cn < v enumerate the elements of C◁v.

The reader can confirm that ι̂r = ιr = ι(D,σ) where r is the root of D and that ι̂v is a closed
formula for every v.

The next results describe the cyclic derivations obtained by combining a cyclic proof with
the candidate interpolants.

▶ Lemma 4.6. Let (D, σ) be a marked cyclic derivation with root α ⇒ β and let Γv ⇒ ∆v

denote the sequent labelling vertex v ∈ D. Let ι̂v be the Lyndon candidate at v. There exist
cyclic derivations of
1. α ⇒ ι(D,σ) with buds {Γw ⇒ ι̂w | w ∈ comp(D)}.
2. ι(D,σ) ⇒ β with buds {ι̂w ⇒ ∆w | w ∈ comp(D)}.

Lemma 4.6 is a special case of the following refinement. Although the next result violates
the assumption that sequents comprise closed formulas only, we take it as implicit that the
variables in the statement are considered as fresh constants.

▶ Proposition 4.7. Let (D, σ) be a cyclic derivation as per Lemma 4.6 and fix a vertex v.
Let C◁v = {w ∈ comp(D) | w ◁D v} and C≥v = {w ∈ comp(D) | v ≤ w}. There exist finite
derivations of:
1. Γv ⇒ ιv from initial sequents {Γw ⇒ xw | w ∈ C◁v} and {Γw ⇒ ι̂w | w ∈ C≥v}, wherein

buds of the latter kind each have a companion.
2. ιv ⇒ ∆v from initial sequents {xw ⇒ ∆w | w ∈ C◁v} and {ι̂w ⇒ ∆w | w ∈ C≥v}, wherein

buds of the latter kind each have a companion.

Proof. By induction on v. If v is a bud, then vc ∈ C◁v and the claim is trivial. If v is an
identity sequent, so are Γv ⇒ ιv and ιv ⇒ ∆v. Suppose that v ∈ comp(D) and let v+ be the
immediate successor of v. We treat case 1. By the induction hypothesis, there is a finite
derivation of Γv+ ⇒ ιv+ from initial sequents

{Γw ⇒ xw | w ∈ C◁v+} ∪ {Γw ⇒ ιw | w ∈ C≥v+}.

Note, C◁v+ = C◁v ∪ {v}. Uniformly substituting ιv = σvxv ιv+ for xv in this derivation
yields a finite derivation of Γv ⇒ ιv+(ιv/xv) from initial sequents {Γw ⇒ w | w ∈ C◁v} and
{Γw ⇒ ιw | w ∈ C≥v}. Appending an instance of the rule σvR to the root of this derivation
followed by the companion rule c yields a derivation of Γv ⇒ ιv from the desired initial
sequents. The remaining cases are straightforward. ◀
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4.2 Lyndon Interpolation and Applications
Considering derivations with no buds, Lemmas 4.1 and 4.6 imply our first interpolation result
for the modal µ-calculus:

▶ Theorem 4.8 (Quantifier-free Lyndon Interpolation). Suppose ⊢ α ⇒ β with α ∈ Π1 and
β ∈ Σ1. There exists a quantifier-free formula ι such that
1. sig(ι) ⊂ sig(α) ∩ sig(β).
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.
3. |ι| ≤ 2|FL(α)|+|FL(β)|+1.

Proof. Let D be a cyclic proof witnessing ⊢ α ⇒ β. This proof, by virtue of the assumption
on α and β, contains no buds and, hence, we may assume that it has no companions. Let
ι = ι(D,σ) where σ is the empty marking. Lemma 4.2 confirms that ι is quantifier-free and
satisfies the desired restriction on signatures. Lemma 4.6 describes cyclic derivations of the
sequents α ⇒ ι and ι ⇒ β. As D contains no companions, the derivations are bud-free (finite)
proofs. The bound is based on size of derivation is a consequence of Corollary 3.14 and
Lemma 4.1. ◀

As the quantifier-free formulas are both Π1 and Σ1, Theorem 4.8 yields

▶ Corollary 4.9. Modal logic K has the Lyndon interpolation property.

Reading Theorem 4.8 as a separation result yields

▶ Corollary 4.10 (Π1-separation). Let α, β ∈ Π1. If ⟨|α|⟩ ∩ ⟨|β|⟩ = ∅ then there exists a
quantifier-free ι such that ⟨|α|⟩ ⊂ ⟨|ι|⟩ and ⟨|ι|⟩ ∩ ⟨|β|⟩ = ∅.

Proof. Let α, β ⊂ Π1 be such that ⟨|α|⟩ ∩ ⟨|β|⟩ = ∅. Then β⊥ ∈ Σ1 and ⟨|α|⟩ ⊂ ⟨|β⊥|⟩ by
Corollary 2.12. By completeness, ⊢ α ⇒ β⊥ and Theorem 4.8 yields a quantifier-free formula
ι fulfilling the requirements. ◀

A special case of the previous corollary is:

▶ Corollary 4.11 (∆1-collapse). ∆1 = ∆0. That is, every ∆1-formula is equivalent to a
quantifier-free formula.

Proof. By Corollary 4.10: Suppose α ∈ Π1 and α⊥ ≡ β ∈ Π1. Since ⟨|α|⟩ ∩ ⟨|α⊥|⟩ = ∅ there is
a formula ι ∈ ∆0 such that ⟨|α|⟩ ⊂ ⟨|ι|⟩ ⊂ ⟨|α|⟩. ◀

The next results treat the other scenarios of interpolating sequents at the first level.

▶ Theorem 4.12 (Σ1-Lyndon Interpolation). Suppose ⊢ α ⇒ β with α, β ∈ Σ1. There exists a
Σ1 formula ι such that
1. sig(ι) ⊂ sig(α) ∩ sig(β).
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.
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Proof. Let (D, σ) be a marked cyclic proof of ⊢ α ⇒ β where σv = µ for all companions. Let
ι = ι(D,σ) be the candidate interpolant and let D1 and D2 be the cyclic derivations of α ⇒ ι

and ι ⇒ β respectively given by Lemma 4.6. We observe that these derivations are cyclic
proofs. A bud v ∈ bud(D1) will be labelled by a sequent Γw ⇒ ι̂w where w ∈ comp(D). As
D is a proof but β ∈ Σ1, Γw contains a genuine Σ1 formula. So v is left successful. Similarly,
every bud v of D2 is left successful as, by construction, ι̂w is genuine Σ1 for w ∈ comp(D). ◀

▶ Corollary 4.13 (Π1-Lyndon Interpolation). Suppose ⊢ α ⇒ β with α, β ∈ Π1. There exists a
Π1 formula ι such that
1. sig(ι) ⊂ sig(α) ∩ sig(β).
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.

One configuration not covered by the above results is for sequents α ⇒ β where α ∈ Σ1
and β ∈ Π1. From Theorem 3.13 we know that such a sequent is valid iff it admits a cyclic
proof. The difficulty with this scenario, however, is that the constructed interpolant will not
in general be Σ1 or Π1. This happens in the case of a derivation D with three companions
u < v1, v2 where the left cedent at v1 is empty and the right cedent at v2 is empty. For the
construction above to work, the chosen marking would need to send v1 to ν and v2 to µ,
resulting in a candidate interpolant for u in neither Σ1 nor Π1. However, a simple modification
of the construction achieves the aim.

▶ Theorem 4.14. Suppose ⊢ α ⇒ β with α ∈ Σ1 and β ∈ Π1. There exists a Σ1 formula ι

such that
1. sig(ι) ⊂ sig(α) ∩ sig(β).
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.

Proof. Let ι be the Lyndon candidate induced by D with the trivial marking σ : u 7→ µ but
with the alteration that a vertex with empty left cedent is assigned the candidate ιv = ⊤. ◀

5 Uniform Interpolation at the First Level

The method of constructing Lyndon interpolants can be adapted to generate uniform in-
terpolants based on observations made by Pitts [32] (see also [17] and [18]). The idea is
to explore, via proof-search, all ways in which a given formula α can influence a proof of a
conditional sequent of the form α ⇒ β and encode this information as a single formula of
Lµ. The evolution of left cedents in cyclic derivations is captured precisely by the template
calculus of Section 3.1. This section demonstrates the encoding of a template T for a formula
α ∈ Σ1 ∪ Π1 as a formula ι ∈ Π1 which uniformly interpolates α against all Π1 formulas. The
general uniform interpolation property is addressed in Section 6.

The template calculus, recall, is the sequent calculus of structural and left logical rules of
Kµ with the modal rule ♢L replaced by a branching form:

γ1, ∆ ⇒ · · · γn, ∆ ⇒ ∆ ⇒
♢∗L

♢γ1, . . . , ♢γn,□∆, L ⇒
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b
a, α ⇒

b
α ⇒

♢∗L
a, ♢a,□α ⇒ ∧

L
a, ♢a ∧ □α ⇒

νL
a, α ⇒

c
a, α ⇒

b
α ⇒

♢∗L
♢a,□α ⇒ ∧

L
♢a ∧ □α ⇒

νL
α ⇒

c
α ⇒

bx by
♢∗L

♢x ∧ □(x ∨ y)
♢x ∧ □(x ∨ y)
♢x ∧ □(x ∨ y)

c
νx(♢x ∧ □(x ∨ y)) by

♢∗L
♢γ ∧ □(y ∨ γ)
♢γ ∧ □(y ∨ γ)
♢γ ∧ □(y ∨ γ)

c
νy(□γ ∨ □(y ∨ γ))

Figure 7 An α-template where α = νx(♢a ∧ □x) and the uniform interpolant relative to Π1

formulas and the empty signature; γ = νx(♢x ∧ □(x ∨ y)).

and subject to the constraint that L is a consistent set of literals. The formulas ♢γ1, . . . ,
♢γn are considered the principal formulas of the rule and the corresponding premises γi, ∆ ⇒
are the major premises. The final premise ∆ ⇒ with no active formula is the minor premise
of the rule. A cyclic derivation in the template calculus is called a template. We recall also
the concept of a pruning of a template T , which is any subtree of T given by removing all
but one premise of each instance of ♢∗L in T and any vertex above a removed premise.

Unlike our use of the template calculus in Section 3, the minor premise plays an important
role in what follows. We view a template for a cedent Γ as a record of the (potential)
dependence on Γ of an arbitrary cyclic proof with endsequent Γ ⇒ ∆. In the simplest scenario
a cyclic proof D of Γ ⇒ ∆ can be seen as carving out a pruning of the fixed template T .
Instances of ♢L in D pick out a major premise of ♢∗L and the rule □R corresponds to the
minor premise. In this light, the proof-search argument of Proposition 3.11 corresponds to
the specific case ∆ = ∅.

Templates can vary in two essential ways. Obviously, two templates may employ different
instances of logical rules to derive the same sequent. They could, however, always agree on
the choice and instance of logical rules yet differ in respect to which vertices/sequents are
buds or which, of potentially many, repetitions are allocated as companions. In other words,
two templates could have identical unravellings yet differ as finite derivations.

Changing the order of non-modal rules within a template will never change the instances
of ♢∗L. As the structure of the logical rules does not affect the success condition, we can
readily assume that any two templates for the same cedent agree modulo the selection of
buds and companions. In other words, we can implicitly assume that all templates unravel to
the same infinite derivation in the template calculus.

A similar observation holds for cyclic derivations in Kµ. The order of non-modal rules
is irrelevant, and we can assume that instances of a modal rule always have a maximally
decomposed conclusion (each cedent having the form L,□Γ, ♢∆ for L ⊂ Lit consistent) and
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maximal choice of side formulas, though the choice of principal formula is permitted to vary
between instances. These assumptions allow a cyclic derivation in Kµ to be related to a
pruning of the template along the lines of Proposition 3.11. The statement of the connection
relies on one further operation on derivations. For a detailed account, we refer the reader
to [4]; a different approach to the same problem is presented in [5].

The (left) projection of a Kµ-derivation D is the tree DL in which the right cedent at
every vertex has been removed along with any vertex that is the conclusion of a non-modal
right rule. We tacitly assume that the root of D is a left rule (otherwise DL may not be a
tree), but such an assumption is harmless.

▶ Assumption 1 (Canonicity of derivations). For any Γ-template T and bud-free derivation D

with endsequent Γ′ ⇒ ∆ where Γ′ ⊆ Γ, DL is a pruning of the unravelling of T modulo the
removal of some non-modal and structural rules from the latter.

5.1 Uniform Candidates
The construction of a candidate uniform interpolant from a template follows the same
procedure as that of Lyndon interpolants, with the only alteration in the treatment of the
branching modal rule. A marked template is a pair (T, σ) where T is a template and σ, called
the marking, is a function from the set of companions of T into {µ, ν}.

▶ Construction 2. Fix a signature S. Let (T, σ) be a marked cyclic derivation and let
v 7→ xv : comp(D) → Var be an injection of companion vertices in D into variables. We write
σv for σ(v). Let Φv be the left cedent at vertex v ∈ T . Each vertex v ∈ T is associated a
formula ιv defined by recursion on T , with the first applicable case taking precedence:
Empty sequent: If Φv = ∅ then ιv = ⊤.
Bud: ιv = xvc , namely the variable associated to the bud’s companion.
Identity: ιv = ⊥
Modal Rule: Let v0, . . . , vn enumerate the immediate successors of v with the minor premise

last. Define

ιv =
∧

Γ where Γ = (Φv ∩ S) ∪
{

♢ιvi

∣∣ i < n
}

∪
{
□(ι0 ∨ · · · ∨ ιn)

}
.

Logical Rule
∨

L: ιv =
∨

{ιw | w ∈ SucT (v)}.
Any other logical rule: ιv = ιv+ .
Companion: ιv = σvxv ιv+ .
The uniform candidate induced by (T, σ, S) is the formula ι(T,σ,S) = ιr where r is the root of
T . ⌟

▶ Example 5.1. Figure 7 presents an example of Construction 2 to a template for the Π1
formula νx(♢a ∧ □x). ⌟
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The verification that certain templates induce uniform interpolants boils down to proper-
ties of the marking of T . Given a marked α-template (T, σ), a cyclic derivation of α ⇒ ι(T,σ,S)
is readily available, given by inserting into T a substituted form of the formula ιv as the
right cedent at each vertex v. The derivation will be a cyclic proof provided that sufficient
companions of T are assigned the quantifier ν (as these induce right successful buds). Fur-
thermore, the template induces a transformation on cyclic derivation of sequents α ⇒ β into
derivations of ι(T,σ,S) ⇒ β by a similar process, subject to constraints on the signature of
β. That the transformation preserves the proofhood condition depends on sufficiently many
companions being marked µ (inducing left successful buds). Uniform interpolation relies on
finding templates whose marking satisfy these competing conditions.

As in the case of Lyndon candidates, uniform candidates mirror the structure of the
derivation – the template – from which they are constructed. If the marking assigns ν to all
companions, for instance, the constructed candidate will be Π1. Indeed, Lemmas 4.1 to 4.4
carry over to the realm of uniform candidates without alteration.

The substitutional instances of the candidate formulas are defined in the same way as
for candidate Lyndon interpolants. Let (T, σ) be a marked template. The notation Φu is
generally used for the left cedent at vertex u ∈ T .

▶ Definition 5.2 (Uniform candidate at a vertex). Let ιv be the formula associated to vertex v

by Construction 2. Let C◁v = {w ∈ comp(T ) | w ◁T v} be the companions strictly below v ∈ T

relative to the relation ◁T . For each v ∈ T , the uniform candidate at v is the formula

ι̂v = ιv(ιc1/xc1) · · · (ιcn/xcn) where c1 < · · · < cn < v enumerate the elements of C◁v.

The reader can confirm that ι̂r = ιr = ι(T,σ,S) where r is the root of D and that ι̂v is a
closed formula for every v.

We begin with correspondents to the Interpolation Lemma 4.6.

▶ Lemma 5.3 (First Template Lemma). Let (T, σ) be a marked template for Γ and let Φu be
the left cedent at v ∈ T . For every signature S there is a cyclic derivation of Γ ⇒ ι(T,σ,S) in
Kµ + w with buds labelled by sequents Φu ⇒ ι̂u for u ∈ bud(T ).

Proof. The cyclic derivation of Γ ⇒ ι(T,σ,S) is constructed by recursion through the template.
Let T ′ be the template T in which the sequent at each vertex v ∈ T is replaced by Φv ⇒ ι̂v.
The root of T ′ is labelled Γ ⇒ ι(T,σ,S). To turn T ′ into a cyclic derivation, we maintain the
same bud-companion association and merely insert sufficient right rules between the vertices
of T ′ and replace occurrences of ♢∗L by finite derivations. Thus, a bud/companion Φb ⇒ in T

becomes a bud/companion Φb ⇒ ι̂b in T ′ and an identity sequent Φv ⇒ becomes Φv ⇒ ⊥. If
Φv = ∅, then v becomes the provable sequent Φv ⇒ ⊤ and the vertices above v are discarded.
The transformation in the case of logical rules is straightforward and omitted. This leaves
only the modal rule ♢∗L and companions to consider. Suppose the modal rule occurs at a
vertex v. Let v0, . . . , vn enumerate the immediate successors of v with the minor premise
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last. Let L = Φv ∩ S. The construction defines

ι̂v =
∧

Γ where Γ = L ∪
{

♢ι̂vi

∣∣ i < n
}

∪
{
□(ι̂v0 ∨ · · · ∨ ι̂vn

)
}

.

The vertex v is expanded into the derivation

id
Φv ⇒ l for l ∈ L

Φvi ⇒ ι̂vi ♢L
Φv ⇒ ♢ι̂vi for i < n

Φvn ⇒ ι̂vn w,
∨

R
Φvn

⇒ ι̂v0 ∨ · · · ∨ ι̂vn □R
Φv ⇒ □(ι̂v0 ∨ · · · ∨ ι̂vn) ∧

R
Φv ⇒ ι̂v

The remaining case is the companion. Then ι̂v = σvxv β for some formula β, and ι̂v+ =
β(ι̂v/xv). Inserting an instance of σvR above the companion suffices. As bud and companions
are associated the same sequent, a cyclic derivation has been constructed. ◀

▶ Lemma 5.4 (Second Template Lemma). For any signature S and formula ∆ with sig(∆) ⊂ S,
given a cyclic derivation D of α ⇒ ∆ there exists a cyclic derivation of ι(T,σ,S) ⇒ ∆ whose
buds (and companions) are sequents of the form ι̂u ⇒ Θ such that Φu ⇒ Θ is a bud of D.

Proof. This argument closely follows that of the Lyndon Interpolation Lemma 4.6. The main
complication is the treatment of modal rules.

Let D be a cyclic derivation of α ⇒ ∆ and consider its unravelling to a bud-free derivation
which we name Dω. Let Φu ⇒ be the sequent at u ∈ T and Γu ⇒ ∆u the sequent at u ∈ Dω.
The idea is to replace the left cedent in each vertex of Dω by an appropriately chosen candidate
and close off the infinite branches of Dω to obtain a cyclic derivation. Assumption 1 ensures
that the left projection of Dω aligns with those occurring in the template.

We begin by associating to each vertex u ∈ Dω a set Vu ⊂ T of template vertices which
identifies the candidate interpolants Iu = {ι̂u | u ∈ Vu} that can act in the place of the left
cedent of u. The assignment of template vertices to Dω is the naive choice determined by
compatibility of left cedents: Vu = {v ∈ T | Γu ⊂ Φv}. We now show how to build a bud-free
derivation of ι̂v ⇒ ∆u for each v ∈ Vu. Let S = {ι̂v ⇒ ∆u | v ∈ Vu} be the collection of such
sequents. The construction proceeds co-recursively in the sense that we associate to each
sequent ι̂v ⇒ ∆u from S a finite derivation Du,v whose buds are sequents in S. Patching
together sufficiently many such derivations will yield a cyclic derivation of the desired form.

Let v ∈ Vu. There are four distinct cases to consider based on the rule at u ∈ Dω.
Non-modal right rule. These rules do not alter the left cedent and we simply maintain the

right rule employed. If, for example, the rule at u is
∧

R with principal formula
∧

{δ1, . . . , δn} ∈
∆u, then we have v ∈ Vu′ for each successor u′ ∈ SucD(u) and Du,v is the following finite
derivation for appropriate choice of ∆.

b
ι̂v ⇒ δ1, ∆ · · ·

b
ι̂v ⇒ δn, ∆ ∨

L
ι̂v ⇒ ∆u

}
= Du,v
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Non-modal left rule. Let γ ∈ Γu be the principal formula at u. If this is also the
principal formula at v ∈ T then Du,v is formed analogously to the previous case as the single
left rule with corresponding buds. For instance, in the case that γ =

∨
{γ1, . . . , γn} then

ι̂v =
∨

{ι̂w | w ∈ SucT (v)} and

b
ι̂v1 ⇒ ∆u · · ·

b
ι̂vn

⇒ ∆u ∧
R

ι̂v ⇒ ∆u

}
= Du,v

The buds each correspond to a sequent in S. However, it may be that γ is not principal at
v. First, we may assume that v is not a bud of T as the companion is labelled by the same
sequent. Assumption 1 ensures that Γu is a subset of each cedent above v until a point that
γ is principal. Moreover, only (left) logical rules occur in this portion of the template. So we
let Du,v be this finite derivation mimicking the rules that alter the candidate interpolants
ending at the point that γ is decomposed.

Identity sequent. The left or right identity rules are covered in the previous cases. So
assume that the cedents ∆u and Φv contain a literal l in common. As ∆u ⊂ FL(∆), it follows
that l ∈ S. By the previous case we can assume that v is a modal rule, so ι̂u =

∧
Γ with l ∈ Γ

and ι̂u ⇒ ∆u has a straightforward (finite) proof.
The final case is that u is a modal rule. As above, we may assume that v is also the

conclusion of a modal rule in T , whence

ι̂v =
∧

Γ where Γ = L ∪
{

♢ιvi

∣∣ i < n
}

∪
{
□(ιv0 ∨ · · · ∨ ιvn)

}
where v0, . . . , vn enumerate the successors of v (in T ) with vn the minor premise and L is
some set of literals. If the rule at u is the left modal rule (♢L), this rule is carried over to
Du,v with the premise u+ being matched to the major premise vi such that Γu+ ⊂ Φvi

. If,
however, the rule at u is the right modal rule (□R), then we appeal to the fact that Γu+ ⊂ Φvi

for all i ≤ n to form the disjunction
∨

{ι̂v0 , . . . , ι̂vn
} before introducing the modal operator.

The two cases each induce one of the following derivations for Du,v:

b
ι̂vi

⇒ ∆u+
♢L

. . . , ♢ι̂vi
, . . . ⇒ ∆u ∧

L
ι̂v ⇒ ∆u

b
ι̂v0 ⇒ ∆u+ · · ·

b
ι̂vn

⇒ ∆u+ ∨
L

ι̂v0 ∨ · · · ∨ ι̂vn
⇒ ∆u+

□R
. . . ,□(ι̂v0 ∨ · · · ∨ ι̂vn) ⇒ ∆u ∧

L
ι̂v ⇒ ∆u

With all cases of Du,v defined, let E be the derivation with root ι(T,S) ⇒ ∆ given by
repeatedly pasting at every bud the next applicable partial derivation Du,v. This derivation
has preserved all companion rules from Dω. Cutting off each branch at the first repeated
companion completes the construction. ◀

5.2 Uniform Interpolation and Applications
From the two template lemmas, we obtain our first uniform interpolation result.
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▶ Theorem 5.5 (Π1 Uniform Interpolation). For every signature S and formula α ∈ Π1 ∪ Σ1
there exists ι ∈ Π1 satisfying
1. sig(ι) ⊂ S ∩ sig(α) and |ι| ≤ 2|FL(α)|+1.
2. ⊢ α ⇒ ι.
3. for all β ∈ Π1 with sig(β) ⊂ S, if ⊢ α ⇒ β then ⊢ ι ⇒ β.

As we are targeting a Π1 interpolant it is natural to consider the candidate ι(T,σ,S) for
an α-template in which every companion is marked ν. This choice guarantees condition
2 by Lemma 5.3 as right cedents in the generated cyclic derivation always comprise Π1
formulas. This candidate, however, will not necessarily satisfy the third condition. It will
fail, for example, if α = µx ♢x: The natural template for α induces the Π1 candidate
ι = νx(♢x ∧ □(α ∨ ⊤)), which is equivalent to νx ♢x. Letting β = ⊥, we have ⊢ α ⇒ β but
not ⊢ ι ⇒ β as the latter sequent is not valid. The construction fails in this case because
the sequent α is unsatisfiable, yet ι is satisfiable. Selecting ⊥ for ι, indeed, provides a trivial
uniform interpolant.

The solution is to ‘correct’ the candidate interpolant by pre-emptively setting the sub-
formula assigned to v ∈ T to be ⊥ if Φv ⇒ is provable. Recall that provability can be
checked from within the template alone by Theorem 3.11. We did not incorporate this step
into Construction 2 because it is only necessary for constraining the uniform candidate to a
particular quantifier class.

Proof. Fix a signature S and formula α ∈ Π1 ∪ Σ1. Let T be an α-template in which buds
are the first repeat on each path and let σ : comp(T ) → {ν} be the trivial marking assigning
ν to all companions. By construction, ι(T,σ,S) ∈ Π1 and |ι(T,σ,S)| ≤ 2|FL(α)|+1. Let Φu be
the left cedent of u ∈ T and ι̂u be the uniform candidate assigned to u ∈ T . We choose ι

to be the modification of ι(T,σ,S) given by replacing any subformula ιu such that Φu ⇒ is
provable by the formula ⊥. This change can be carried out by inspection of the template
alone (cf. Theorem 3.11). Clearly, ι ∈ Π1 and sig(ι) ⊂ S ∩ sig(α) and |ι| ≤ |ι(T,σ,S)|.

The First Template Lemma provides a cyclic derivation of α ⇒ ι(T,σ,S) in which all buds
are sequents of the form Φu ⇒ ι̂u for u ∈ bud(T ). As each such formula ι̂u is (genuine) Π1
all buds are right successful. The corresponding cyclic derivation of α ⇒ ι is also a proof
because if a bud is (now) labelled by Φu ⇒ ⊥ it is because Φu ⇒ is provable. Thus, ⊢ α ⇒ ι.

For the final condition, fix β ∈ Π1 and suppose D is a cyclic proof of α ⇒ β. Consider the
cyclic derivation of ι(T,σ,S) ⇒ β described by the Second Template Lemma. A corresponding
cyclic derivation D′ of ι ⇒ β is readily obtained by simply closing every sequent with ⊥ in
the left cedent as an initial sequent. We claim that D′ is a cyclic proof. Let u ∈ bud(D′) be a
bud of D′ which is not right successful. As β is Π1, the right cedent of u must be empty. Let
v ≤ u be the first vertex on the path to u with empty right cedent. This vertex corresponds
to a vertex v′ ∈ D of the form Γ′ ⇒. As D is a proof, the definition of ι means that the
sequent at v in D′ happens to be ⊥ ⇒. ◀
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Because the definition of signature takes into account polarities of variables, Theorem 5.5
actually establishes uniform Lyndon interpolation for the class of Σ1 formulas:

▶ Corollary 5.6. The Π1 fragment of the modal µ-calculus has the right uniform Lyndon
interpolation property. By duality, the Σ1 fragment has the left uniform Lyndon interpolation
property.

▶ Corollary 5.7. Every α ∈ Σ1 can be computably associated a formula αΠ ∈ Π1 with
|αΠ| ≤ 2|FL(α)|+1 such that α ∈ ∆1 iff α ≡ αΠ.

Proof. Fix α ∈ Σ1 and let S = Lit be the universal signature. Set αΠ to be the uniform
interpolant for α given by Theorem 5.5. In particular, ⟨|α|⟩ ⊂ ⟨|αΠ|⟩ by soundness. Since
αΠ ∈ Π1, the right to left direction is immediate. So suppose α ≡ β for β ∈ Π1. Then
⊢ α ⇒ β by completeness and ⊢ αΠ ⇒ β by Theorem 5.5. So α ≡ αΠ. ◀

In the previous section we confirmed, via the construction of Lyndon interpolants, that
every ∆1 formula is equivalent to a quantifier-free formula (Corollary 4.11). Combining that
observation with the characterisation of ∆1 above yields a decidability result first observed
by Martin Otto [31].

▶ Corollary 5.8 (Otto’s Theorem for Σ1). The problem of determining whether an arbitrary
Σ1-formula is equivalent to a quantifier-free formula is decidable.

We will obtain the full version of Otto’s Theorem, lifting the restriction to Σ1, as a
corollary of interpolation for formulas of arbitrary complexity, treated in the next section.

6 Cyclic Proofs and Interpolation

We present a general notion of cyclic proof that is sound and complete for all sequents in Lµ.
The point of departure from the account in Definition 3 is that notion of proof can longer be
expressed by a local condition on bud/companion pairs. Rather, proofhood in the general
case is a global property determined by a condition on the infinite paths through a cyclic
derivation.

The next definition expresses the idea of following the (potentially infinite) decomposition
of a formula through a cyclic derivation.

▶ Definition 6.1. Let D be a cyclic derivation. A left (resp. right) occurrence in D is a pair
f = (α, v) where v is a vertex of D and α is a formula in the left (right) cedent at v. A left
trace in D is an infinite sequence t = (αi, vi)i<ω of left occurrences such that for all i < ω,
1. (vi)i is a path through D,
2. if αi is principal at v then αi+1 is an active formula at vi+1,
3. if αi is not principal and vi is not a modal rule then αi+1 = αi,
4. if αi is not principal and vi is a modal rule then □αi+1 = αi.
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A sequence of right occurrences fulfilling the same criteria but with ♢ in place of □ in the
final clause is called a right trace. The path (vi)i is called the carrier of t.

A simple argument, appealing to (weak) König’s Lemma, shows that every path through
a cyclic derivation is the carrier of at least one (left or right) trace. A cyclic derivation,
recall, must contain a modal rule between every bud-companion pair. As a consequence, the
formulas along a trace never stabilise:

▶ Lemma 6.2. Let t = (αi, vi)i<ω be a left or right trace. The sequence of formulas (αi)i is
a progressing thread.

We can now isolate the cyclic proofs.

▶ Definition 6.3 (Good trace). Let t be a (left or right) trace through a cyclic derivation and
let τ be the progressing thread carried by t. We call t good if it is a left trace and τ is µ or a
right trace and τ is ν.

▶ Definition 6.4 (Cyclic proof). A cyclic derivation D is a cyclic proof iff every infinite path
through P is the carrier of a good trace.

Definition 6.4 agrees with the previous notion of cyclic proofs for endsequents in the first
quantifier level: An infinite path through a cyclic proof according to Definition 3.5 must be
such that either every vertex along it is left-successful, or every vertex is right-successful.
Weak König’s Lemma implies that the path carries either a left trace of genuine Σ1 formulas
or a right trace of genuine Π1 formulas. Both examples are good traces. In the general setting,
checking whether a cyclic derivation fulfils the condition of Definition 6.4 is decidable and,
for many logics including the modal µ-calculus, is PSPACE-complete [6].

Soundness and completeness of cyclic proofs is established by the same arguments as
before observing that the connection between paths through derivations and strategies extends
to one between traces and plays. Soundness in particular is a simple refinement of the proof
of Proposition 3.9.

▶ Lemma 6.5 (Duality). ⊢ Γ ⇒ ∆ iff ⊢ ⇒ ∆, Γ⊥, iff Γ, ∆⊥ ⇒.

▶ Theorem 6.6 (Soundness). Γ ⇒ ∆ is valid if ⊢ Γ ⇒ ∆.

Proof. Suppose D is a cyclic derivation of Γ ⇒ and S is a winning Verifier strategy in
G(

∧
Γ, F ). The proof of Proposition 3.9 determines an infinite path P = (ui)i through D

such that every left trace carried by P can be associated a play consistent with S that carries
the same thread ignoring consecutive repetitions. As S is winning for Verifier, P does not
carry a good trace, hence D is not a cyclic proof. ◀

Completeness is not so straightforward. Although the definition of a template applies in the
general setting, without an analogue of the unsuccessful vertices a lifting of Proposition 3.11
is not immediately available. We return to completeness at the end of Section 6.1.
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6.1 A Normal Form for Cyclic Derivations
In order to ensure the candidate constructions from previous sections work at higher levels of
the quantifier hierarchy, it is necessary to impose constraints on the structure of cyclic proofs.
This is accomplished through a normal-form theorem for cyclic derivations that shows that
every cyclic proof can be represented as a marked derivation where the marking encapsulates
the existence of good threads. The use of marked derivations in this way first appeared in [20]
(conceived of as a ‘colouring’ of companions). Our use of them is more abstract and motivated
by properties of cyclic systems known as reset systems developed in [1, 4, 21, 36, 25]. A
normal form theorem similar to the one below is implicit in the syntactic proofs of Lyndon
and uniform interpolation in [3, 4].

Let P be a path through a cyclic derivation. By Inf(P ) we denote the set of vertices that
appear infinitely often along P :

Inf(P ) = {u ∈ D | u = P (i) for infinitely many i}.

The set Inf(P ) is non-empty and has a least element, which must be a companion. The least
vertex is denoted min(P ).

▶ Theorem 6.7 (Normal form theorem). For every cyclic derivation in Kµ or the template
calculus there exists a cyclic derivation D in the same calculus with the same unravelling
which admits a marking σ such that any path P through D carries a good left trace iff
σ(min(P )) = µ.

The theorem is due to Janin and Walukiewicz who proved the result for a variation of our
sequent calculus Kµ [20, Lemma 4.5]. Their proof appeals to standard results in automata
theory (see, e.g., [19]). From a fixed cyclic derivation (or template) D one obtains, via
McNaughton’s theorem [29], a deterministic parity stream automaton A over the alphabet
of sequents and rules which accepts an infinite sequence in the alphabet iff the sequences
enumerates a path through D and the path carries a good left trace. Running A against the
unravelling of D gives an assignment of states to vertices in Dω which can be refolded into
cyclic derivation with the desired property.

A completely syntactic proof of the normal form theorem can be given by elaborating the
sequent calculus for Kµ. Fix a countably infinite set of symbols, called names. Each sequent
in D and formula within the sequent is annotated by a finite sequence of names recording
the quantifiers encountered in the finite trace from the root to the formula. Aside from the
logical rules inherited from D a new structural rule – the reset rule – is added which, read
bottom-up, discards superfluous information from all annotations in the sequent. Sequent
calculi incorporating annotations and a reset mechanism are called reset systems. The reset
rule is the main component which ensures that the unravelling of D can be annotated by
employing only finitely many names and finitely many distinct annotated sequents. As the
annotation mechanism is deterministic, the annotated form of Dω can be realised as the
unravelling of a cyclic derivation in the reset calculus which validates Theorem 6.7. A reset
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calculus for the modal µ-calculus was introduced in [21] for satisfiability and dualised to
validity in [36]. The connection to normal forms was realised in [2, Thm IV.10].

The automata- and proof-theoretic approaches to the normal form theorem are closely
related. The first reset calculus for the modal µ-calculus was inspired by the structural
operations underpinning the Safra construction for determinising stream automata [21].
Alternative reset systems arise from considering different determinisation algorithms for Büchi
and parity automata [15]. A general method of associating reset systems to abstract notion
of cyclic derivation is explored in [25].

▶ Definition 6.8. A marked derivation which satisfies the property in Theorem 6.7 is said to
be in normal form or, simply, normal.

In a normal cyclic derivation, the existence of good left traces on a path is determined by
the marking of the lowest companion that occurs infinitely often. If a companion v is marked
by µ then every path that visits v infinitely often and companions below v only finitely often
is the carrier of a good left trace. If v is marked by ν then no such path carries a good left
trace.

The normal form property does not state anything about right traces. Under the knowledge
that the derivation is a proof a symmetric condition arises:

▶ Corollary 6.9. Suppose D is a normal cyclic proof. Then any path P through D carries a
good right trace iff σ(min(P )) = ν.

For endsequents from Σ1 ∪ Π1, the normal form theorem is vacuous. Given a derivation of
a sequent Γ ⇒ ∆ in this fragment, mark a companion u as µ iff the left cedent at u contains
a genuine Σ1 formula. Then (D, σ) is in normal form. Normal derivations at the first level
have the further property that the marking is constant along path segments: if u ◁D v for
u, v ∈ comp(D) then σ(u) = σ(v). Lemma 4.4 shows that this property alone is sufficient to
ensure that the Lyndon candidate constructed from D is in the class Clos(Σ1 ∪ Π1).

The normal form theorem for templates is sufficient to prove completeness, starting with
a lifting of Proposition 3.11:

▶ Proposition 6.10. Let T be a normal template for Γ. If Γ ⇒ is valid then T admits a
pruning to a cyclic proof.

Proof. Let Γ ⇒ be any sequent and (T, σ) a template for Γ in normal form. Say that a bud
of T is successful iff its companion is marked µ, and a non-bud vertex is successful if it is
either a modal rule and a major premise is successful, or a non-modal rule and all premises
are successful. Let U be the set of unsuccessful vertices.

We assume that Γ ⇒ does not admit a cyclic proof. In particular, no cyclic derivation
can be witnessed as a subtree of the successful vertices in T as, by the definition of normal
form, any such derivation would be a proof. Hence, U contains the root of T . From U we
recursively construct a frame ⟨F, r⟩ and Verifier strategy S in G(

∧
Γ, F ) with the property
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that every infinite play consistent with S corresponds to a left trace through some path of U .
By the choice of U , all left traces carry ν-threads, so S is winning for Verifier. ◀

Completeness and decidability is a corollary of Theorem 6.7 and Proposition 6.10:

▶ Theorem 6.11 (Completeness). If Γ ⇒ ∆ is valid, then ⊢ Γ ⇒ ∆.

As the construction of normal forms is computable, Proposition 6.10 implies

▶ Corollary 6.12. Provability in Kµ is decidable.

6.2 Lyndon Interpolation for the Full Language
The normal form theorem provides a direct path to Lyndon interpolants:

▶ Theorem 6.13 (Lyndon Interpolation for µ-calculus). Suppose ⊢ α ⇒ β for α, β ∈ Lµ. There
exists a formula ι such that
1. sig(ι) ⊂ sig(α) ∩ sig(β),
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.

Proof. Fix a marked normal cyclic proof (D, σ) and let ι be the induced Lyndon candidate
following Construction 1. Condition 1 of the theorem holds by definition. We outline the
argument for ⊢ α ⇒ ι, with the other half being symmetric. Let Γu ⇒ ∆u be the sequent
labelling u ∈ D.

By Lemma 4.6, ⊢ α ⇒ ι admits a cyclic derivation D′ where buds (and companions)
are the sequents Γw ⇒ ι̂w for w ∈ comp(D). The proof of Proposition 4.7 presents D′ as,
essentially, the cyclic derivation D with the right cedent at w ∈ D replaced by the formula
ι̂w. Any path P through D′ corresponds to a path through D that carries exactly the same
left traces. Let C be the companions of D visited infinitely often by that path. Furthermore,
P carries exactly one right trace, whose infinitely occurring quantified formulas are precisely
{ι̂w | w ∈ C}. The shortest such formula is, by design, ι̂u for u = min P . If P does not carry
a good left trace, then σ(u) = ν and ι̂u = νxuζ for some ζ. But then P carries a good right
trace. ◀

We can establish a refinement of the result in case of the second quantifier level. For this
we require an observation:

▶ Proposition 6.14. Let Γ ⊂ Π2 and ∆ ⊂ Σ2. If (D, σ) is a normal proof of Γ ⇒ ∆ then for
all u, v ∈ comp(D), if u ◁D v then σ(u) = σ(v).

Proof. Let u, v ∈ bud(D) such that uc < vc < u. Suppose σ(uc) = ν. Let k exceed the
number of formulas in the left cedent at v and consider the path P which alternates between
the bud u and K + 1 cycles at v:

P := uc . . . vvc . . . vvc︸ ︷︷ ︸
k

. . . uuc . . . vvc . . . vvc︸ ︷︷ ︸
k

. . . uuc . . .



Cyclic Proofs and Interpolation 409

By design, min P = uc. Since σ(uc) = ν, P carries a good right trace. From some point on,
this trace never encounters the quantifier µ as the main connective. Also, by the choice of k,
the trace must repeat a formula at v before the path returns next to u. As a consequence,
the path which cycles between vc and v only also carries a good right trace and σ(vc) = ν by
normal form. The case of σ(uc) = µ is symmetric. ◀

The proof above breaks if Γ ̸⊂ Π2: the good (right) trace carried by P could, for example,
encounter a formula νx α in each path segment uc . . . v and strictly longer formulas µy β

within the ‘local’ cycles vc . . . v. In that case the marking would satisfy σ(u) = ν but σ(v) = µ.

▶ Theorem 6.15 (Lyndon interpolation at the second level). Suppose that ⊢ α ⇒ β for α ∈ Π2
and β ∈ Σ2. There exists an alternation-free formula ι such that
1. sig(ι) ⊂ sig(α) ∩ sig(β),
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.

Proof. By Corollary 6.9 we may assume a normal proof (D, σ) of α ⇒ β. The associated
Lyndon candidate ι(D,σ) is, by the proof of Theorem 6.13, a Lyndon interpolant for α ⇒ β.
Lemma 4.4 and Proposition 6.14 show that ι(D,σ) ∈ Clos(Π1 ∩ Σ1). ◀

Interpolation for the second level has two interesting corollaries. The first result was
shown by Marti and Venema [28] via a novel annotated cyclic calculus for alternation-free
fragment.

▶ Corollary 6.16. The alternation-free fragment of Lµ admits Lyndon interpolation.

The second corollary is a modal rendering of Rabin’s definability theorem for weak monadic
second order logic [33], originally transferred to the µ-calculus by Arnold and Niwiński [7].

▶ Corollary 6.17. Every ∆2 formula is equivalent to an alternation-free formula in the same
signature. In particular, ∆2 = (Π2 ∩ Σ2)≡.

We conclude our voyage into Lyndon interpolation with two results on the higher ambiguous
classes. Both results are due to Arnold and Santocanale [34]. The first is a negative result:

▶ Theorem 6.18. For every n > 2, (Πn ∪ Σn)≡ ⊊ ∆n.

The proof of Theorem 6.18 is beyond the scope of this exposition. The second result from
[34] is a refinement of Theorem 6.15 that can be lifted to higher levels (see Corollary 6.21
below). The theorem appeals to an important syntactic fragment of Lµ.

▶ Definition 6.19 (Disjunctive formula). A formula α is disjunctive if for every conjunction∧
Γ ∈ FL(α) there exists L ⊂ Lit and ∆ ⊂ Θ ⊂ FL(α) such that Γ = L ∪ ♢∆ ∪□

∨
Θ. The set

of disjunctive formulas is denoted D.
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In disjunctive formulas, the use of conjunction is restricted to specific arrangements
of modal statements. The unary modalities can be expressed disjunctively as ♢α ≡∧

{♢α, ♢⊤,□
∨

{α, ⊤}} and □α ≡ □
∨

{α}. The notion was introduced by Janin and
Walukiewicz [20] who showed that every formula in the modal µ-calculus is equivalent
to a disjunctive formula. Definition 6.19 is more permissive than the standard presentation
which is obtained by requiring Θ = ∆. Our formulation has better proof-theoretic proper-
ties [5] and can be reduced to the Janin–Walukiewicz definition by noting that, for ∆ ⊂ Θ
and ∆′ = ∆ ∪ {

∨
(Θ \ ∆)},∧

♢∆ ∧ □
∨

Θ ≡
(∧

♢∆ ∧ □
∨

∆
)

∨
(
♢∆′ ∧ □

∨
∆′).

We have already seen examples of disjunctive formulas: the uniform candidates in Con-
struction 2. We explore the consequences of that observation in the next section.

▶ Theorem 6.20 (Lyndon Interpolation for Disjunctive Sequents). Suppose ⊢ α ⇒ β where
α, β⊥ ∈ Πn+1 ∩ D. There exists ι ∈ Clos(Πn ∪ Σn) such that
1. sig(ι) ⊂ sig(α) ∩ sig(β),
2. ⊢ α ⇒ ι and ⊢ ι ⇒ β.

Proof sketch. The structure of disjunctive formulas is such that a cyclic proof of α ⇒ β with
α and β⊥ both disjunctive can be transformed into one in which every bud contains at most
one formula in each cedent. We may further assume that the cyclic proof is normal and
utilises conservative instances of rules only, in the sense of the proof of Proposition 3.11.

From the observations above and the assumption that α ∈ Πn+1 and β ∈ Σn+1 we deduce
that in every chain of companions u0 ◁ u1 ◁ · · · ◁ uk the sequence of markings σ(u0), . . . , σ(uk)
has fewer than n alternations, whence the Lyndon interpolant induced by the cyclic proof is
in Clos(Πn ∪ Σn). ◀

▶ Corollary 6.21 (Collapse of Disjunctive-∆n). Suppose α ∈ D ∩ Πn+1. If α⊥ is equivalent to
a formula in D ∩ Πn+1, then α ∈ Clos(Σn ∪ Πn)≡.

6.3 Uniform Interpolation for the Full Language
The normal form theorem for templates (Theorem 6.7) also offers a means to prove uniform
interpolation for the full language of the modal µ-calculus:

▶ Theorem 6.22 (Uniform Lyndon Interpolation). For every signature S and formula α ∈ Lµ

there exists a formula ι such that
1. sig(ι) ⊂ sig(α) ∩ S.
2. ⊢ α ⇒ ι.
3. For all β, if sig(β) ⊂ S and ⊢ α ⇒ β, then ⊢ ι ⇒ β.
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Proof. Fix S and α, and an α-template T . By Theorem 6.7 we may assume that (T, σ) is
in normal form. Let ι = ι(T,σ,S) be the induced uniform candidate with ι̂u the candidate
associated to u ∈ T . By design, sig(ι) ⊂ sig(α) ∩ S. Lemmas 5.3 and 5.4 describe the cyclic
derivations that witness conditions 2 and 3 and it suffices to confirm that these derivations
are proofs. Concerning 2, recall that a cyclic derivation DT of α ⇒ ι is obtained by installing
ι̂u as the right cedent of u ∈ T and interspersing the derivation with right rules as needed.
Let P be any path in this derivation and with u = min P the minimal companion visited
infinitely often. Suppose that P does not carry a good left trace. So, σ(u) = ν. But then
ι̂u = νxuζ for some ζ and, by design, ι̂u is the shortest formula along the single right trace
carried by P . Hence, DT is a cyclic proof.

The argument towards 3 is similar. Let sig(β) ⊂ S ∩ sig(α). The proof of Lemma 5.4
describes the construction of a cyclic derivation D′ with endsequent ι ⇒ β from a cyclic proof
D of α ⇒ β. Consider a path P through D′. The construction of D′ was such that P is
associated a path PD through D and a path PT through T such that (i) P and PD carry the
same right traces, (ii) P carries a good left trace if PT does, and (iii) PT carries every left
trace of PD. As D is a cyclic proof, P must carry a good trace. ◀

The candidate uniform interpolants obtained from Construction 2 are all disjunctive
formulas (cf. Definition 6.19). An immediate corollary of our uniform interpolation theorem is
the celebrated disjunctive normal form theorem for the modal µ-calculus, established in [20]:

▶ Corollary 6.23 (Disjunctive normal form theorem). Every formula of the modal µ-calculus
has an equivalent disjunctive formula in the same signature.

Proof. Apply Theorem 6.22 for S = sig(α). Then ⊢ α ⇒ ι (condition 2) and ⊢ ι ⇒ α (by
condition 3). ◀

Corollary 5.7 gave a characterisation of the Σ1 formulas that are equivalent to a Π1 formula
and, by extension, the Σ1 formulas equivalent to quantifier-free formulas. The template
approach to uniform interpolants lifts the characterisation to the whole calculus. The first
step is a characterisation of Π1-equivalence due to Küsters and Wilkie [24]. As a second
corollary we obtain Otto’s theorem on the decidability of quantifier-free equivalence [31].

▶ Theorem 6.24 (Π1-characterisation). For every α ∈ Lµ there is an effectively computed
αΠ ∈ Π1 such that α ∈ Π≡

1 iff α ≡ αΠ.

Proof. Let S = Lit be the universal signature. We carry out the proof of Theorem 6.22
with modification to candidates used in Theorem 5.5, from which the claim is an immediate
consequence. ◀

▶ Corollary 6.25 (Π1-decidability). The problem of determining whether an arbitrary formula
of the modal µ-calculus is equivalent to a Π1 formula is decidable.

Decidability of quantifier-free definability now extends to the full language:
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▶ Corollary 6.26 (Otto’s theorem). The problem of determining whether an arbitrary formula
of the modal µ-calculus is equivalent to a quantifier-free formula is decidable.

Proof. Define αΣ = ¬(¬α)Π ∈ Σ1. By the results above, ⟨|αΣ|⟩ ⊂ ⟨|α|⟩ ⊂ ⟨|αΠ|⟩ and ⟨|α|⟩ is
definable by a quantifier-free formula iff ⊢ αΠ ⇒ αΣ. ◀

The final result we present is an analogue to the automata-theoretic result stating that non-
deterministic Büchi tree automata accept the same languages as alternating Büchi automata.
From the perspective of interpolation, the result shows that the Lyndon interpolation theorems
for the first and second quantifiers (Theorems 4.8 and 6.15) reduce to our interpolation theorem
for disjunctive formulas (Theorem 6.20).

▶ Theorem 6.27. Every Π1 and Π2 formula is equivalent to a Π1 and Π2 disjunctive formula
respectively.

Proof. We show the Π2 case. Fix α ∈ Π2 and let (T, σ) be a normal α-template. Let ι be the
uniform candidate for α with respect to sig(α). In particular, ι ≡ α. As in Proposition 6.14,
we have that for all u ◁ v ∈ comp(T ), if σ(u) = µ then σ(v) = µ. Thus, ι ∈ Π2 ∩ D. ◀

7 Discussion

From any cyclic derivation of a sequent α ⇒ β, the cyclic Maehara method yields an explicit
formula ι in the signature common to both α and β, and cyclic derivations of α ⇒ ι and
ι ⇒ β. If the initial derivation happens to be a cyclic proof and in normal form then the
resulting derivations are guaranteed to be cyclic proofs and ι a Lyndon interpolant of α ⇒ β.

The structure of the interpolating formula is completely determined by the initial cyclic
derivation of α ⇒ β. In selected cases, sufficient bounds on the complexity of the interpolant
can be given. If α and β both sit in the first non-trivial level of the quantifier hierarchy, a
candidate interpolant can always be selected from the same level (Theorems 4.8 through 4.14).
If α is Π2 and β is Σ2, the candidate formed from a normal proof will be alternation-free, i.e.,
in Π2 ∩ Σ2 (Theorem 6.15). In particular, the alternation-free fragment of Lµ has the Lyndon
interpolation property (Corollary 6.16) and is the largest level of the quantifier hierarchy with
this property (Theorem 6.18; [34]). Similar observations, both positive and negative, can be
made for the designation of uniform interpolants (e.g. Theorems 5.5 and 6.27).

The question naturally arises whether the syntactic method can be applied also to
fragments of the µ-calculus corresponding to specific fixed point logics. In such settings
the quantifier complexity of the induced interpolant is less important than the issue of
whether the constructed interpolant can be expressed by (or adjusted to be) a formula in
the chosen fixed point logic, as the latter is clearly required to conclude the Lyndon/uniform
interpolation property. Gödel–Löb provability logic GL is one example in which the gap
between construction and logic can be bridged. Shamkanov’s syntactic proof of Lyndon
interpolation [35] stems from the realisation of Gödel–Löb logic as a cyclic proof system over
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the modal logic of transitive frames, K4. As the Maehara method supports the K4 modality,
every GL-provable sequent admits a Lyndon interpolant in the µ-calculus over K4. Lyndon
interpolation for GL is a corollary of the de Jong–Sambin–Bernardi fixed point theorem which
establishes that the µ-calculus collapses over GL.

There are, however, many examples of logics that cannot internalise the structure of their
cyclic proofs. Well-known fixed point logics that lack the Craig interpolation property include
linear-time temporal logic, computation-tree logic [27] and the logic of common knowledge [37].
Each of these logics can be associated sound and complete analytic sequent calculi that support
the cyclic Maehara construction of candidate interpolants. Lyndon interpolants for valid
sequents are definable in the linear-time µ-calculus, multi-modal µ-calculus and µ-calculus
over S5 respectively, but not always in the initial fixed point logic itself. This phenomenon
was explored in detail in [23]. A deeper analysis of the cyclic Maehara method can potentially
contribute to characterising the necessary complexity of interpolants and algorithms for
deciding their existence within specific fragments.
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