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Guarded fragment (GF) recap

o Introduced in [Andréka et al., 1998]. A fragment of first-order logic (FO) obtained by requiring
that quantification needs to be “guarded”.
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Guarded fragment (GF) recap

o Introduced in [Andréka et al., 1998]. A fragment of first-order logic (FO) obtained by requiring
that quantification needs to be “guarded”.

e Syntax is given by the following grammar
pu=x=y|RE)|-p|leAp|Ix(any),

where a is an atomic formula (a guard) such that Free(p) C Free(a).
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o Introduced in [Andréka et al., 1998]. A fragment of first-order logic (FO) obtained by requiring
that quantification needs to be “guarded”.

e Syntax is given by the following grammar
pu=x=y|RX) || oAe|IxX(any),
where a is an atomic formula (a guard) such that Free(p) C Free(a).

e For example
Ix3y3z(G(x,y,z) A R(x,¥) A R(y, z) A R(z,x))

is a formula of GF while
Ix3y32(R(x,y) A R(y, 2) A R(z,x))

is not.
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is a formula of GF while
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o GF has several nice meta-logical properties. For example, it has a (generalized) tree-model
property, it is decidable and it has the Los—Tarski preservation property.
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Guarded fragment (GF) recap

o Introduced in [Andréka et al., 1998]. A fragment of first-order logic (FO) obtained by requiring
that quantification needs to be “guarded”.

e Syntax is given by the following grammar
pu=x=y|RX) || oAe|IxX(any),
where a is an atomic formula (a guard) such that Free(p) C Free(a).

e For example
Ix3y3z(G(x,y,z) A R(x,¥) A R(y, z) A R(z,x))

is a formula of GF while
IxIy3z(R(x,y) A R(y,z) A R(z,x))

is not.

o GF has several nice meta-logical properties. For example, it has a (generalized) tree-model
property, it is decidable and it has the Los—Tarski preservation property.

o It does not, however, have the Craig interpolation property (CIP).
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How to fix GF to get CIP?

@ Option 1: increase expressive power.

> FO extends GF and has CIP. However, it is not decidable.
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How to fix GF to get CIP?

@ Option 1: increase expressive power.

> FO extends GF and has CIP. However, it is not decidable.

> The guarded negation fragment (GNF), which was introduced in [Barany et al., 2011], extends
GF, has CIP and enjoys same nice meta-logical properties as GF [Barany et al., 2018].
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GF, has CIP and enjoys same nice meta-logical properties as GF [Barany et al., 2018].

> [ten Cate and Comer, 2024] have shown that GNF is the smallest extension of GF with CIP.

@ Option 2: decrease expressive power.
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@ Option 1: increase expressive power.

> FO extends GF and has CIP. However, it is not decidable.

> The guarded negation fragment (GNF), which was introduced in [Barany et al., 2011], extends
GF, has CIP and enjoys same nice meta-logical properties as GF [Barany et al., 2018].

> [ten Cate and Comer, 2024] have shown that GNF is the smallest extension of GF with CIP.
@ Option 2: decrease expressive power.

> Various modal logics are known to have CIP. These include also polyadic modal logics.
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> FO extends GF and has CIP. However, it is not decidable.

> The guarded negation fragment (GNF), which was introduced in [Barany et al., 2011], extends
GF, has CIP and enjoys same nice meta-logical properties as GF [Barany et al., 2018].

> [ten Cate and Comer, 2024] have shown that GNF is the smallest extension of GF with CIP.
@ Option 2: decrease expressive power.

> Various modal logics are known to have CIP. These include also polyadic modal logics.
> [Hoogland and Marx, 2002] have shown that the two-variable fragment of GF (GF?) has CIP.
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How to fix GF to get CIP?

@ Option 1: increase expressive power.

> FO extends GF and has CIP. However, it is not decidable.

> The guarded negation fragment (GNF), which was introduced in [Barany et al., 2011], extends
GF, has CIP and enjoys same nice meta-logical properties as GF [Barany et al., 2018].

> [ten Cate and Comer, 2024] have shown that GNF is the smallest extension of GF with CIP.

@ Option 2: decrease expressive power.

> Various modal logics are known to have CIP. These include also polyadic modal logics.

> [Hoogland and Marx, 2002] have shown that the two-variable fragment of GF (GF?) has CIP.

e Question: what are the largest fragment(s) of GF with CIP?
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Uniform one-dimensional fragment (UF;)

o Introduced in [Hella and Kuusisto, 2014]. A fragment of FO obtained by requiring that formulas
are “one-dimensional” and “uniform”. Motivated as a polyadic extension of FOZ2.
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o Introduced in [Hella and Kuusisto, 2014]. A fragment of FO obtained by requiring that formulas
are “one-dimensional” and “uniform”. Motivated as a polyadic extension of FOZ2.

e A formula of FO is called one-dimensional, if each maximal block of existential (universal)
quantifiers leaves at most one variable free.
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e For example Jy3zR(x, y, z) is one-dimensional while 3zR(x, y, z) is not.
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o Introduced in [Hella and Kuusisto, 2014]. A fragment of FO obtained by requiring that formulas
are “one-dimensional” and “uniform”. Motivated as a polyadic extension of FO?.

o A formula of FO is called one-dimensional, if each maximal block of existential (universal)
quantifiers leaves at most one variable free.

e For example Jy3zR(x, y, z) is one-dimensional while 3zR(x, y, z) is not.

o A formula of FO is called uniform, if — roughly speaking — Boolean combinations of formulas
with more than two free variables occur only if they have the same set of free variables.
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o Introduced in [Hella and Kuusisto, 2014]. A fragment of FO obtained by requiring that formulas
are “one-dimensional” and “uniform”. Motivated as a polyadic extension of FO?.

o A formula of FO is called one-dimensional, if each maximal block of existential (universal)
quantifiers leaves at most one variable free.

e For example Jy3zR(x, y, z) is one-dimensional while 3zR(x, y, z) is not.

o A formula of FO is called uniform, if — roughly speaking — Boolean combinations of formulas
with more than two free variables occur only if they have the same set of free variables.

@ For example, the sentence
IxAy(3z(S(x, y,2) A P(z) Ax = z) AR(x,y) A S(x, x,y))

is uniform while
Ix3y3Iz(R(x,y,z) A IwS(x,y,w))

is not.

Reijo Jaakkola reijo.jaakkola@tuni.fi (Tampere University) Uniform guarded fragments: interpolation and complexity. April 22, 2024


reijo.jaakkola@tuni.fi

Uniform one-dimensional fragment (UF;)

o Introduced in [Hella and Kuusisto, 2014]. A fragment of FO obtained by requiring that formulas
are “one-dimensional” and “uniform”. Motivated as a polyadic extension of FO?.

o A formula of FO is called one-dimensional, if each maximal block of existential (universal)
quantifiers leaves at most one variable free.

e For example Jy3zR(x, y, z) is one-dimensional while 3zR(x, y, z) is not.

o A formula of FO is called uniform, if — roughly speaking — Boolean combinations of formulas
with more than two free variables occur only if they have the same set of free variables.

@ For example, the sentence
IxAy(3z(S(x, y,2) A P(z) Ax = z) AR(x,y) A S(x, x,y))

is uniform while
Ix3y3Iz(R(x,y,z) A IwS(x,y,w))

is not.

e Contains the two-variable fragment FO? of FO. Decidable and its satisfiability problem has the
same complexity as FO? [Kieronski and Kuusisto, 2014].
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Uniform one-dimensional GF has Craig interpolation

Theorem ([Jaakkola, 2022])

UGF; has CIP.
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Theorem ([Jaakkola, 2022])

UGF; has CIP.

@ The overall strategy of the proof is similar to the proof that GF? has CIP.
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Uniform one-dimensional GF has Craig interpolation

Theorem ([Jaakkola, 2022])

UGF; has CIP.

@ The overall strategy of the proof is similar to the proof that GF? has CIP.

> Suppose that ¢ = 1), but there is no interpolant in UGF; for this entailment.
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UGF; has CIP.

@ The overall strategy of the proof is similar to the proof that GF? has CIP.

> Suppose that ¢ = 1), but there is no interpolant in UGF; for this entailment.

> The above implies that there exists structures 20 and B such that 2l = ¢, B |= =1 and there is
a UGF;[o]-bisimulation between 2 and 9B. Here o is the common vocabulary of ¢ and .
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> The above implies that there exists structures 20 and B such that 2l = ¢, B |= =1 and there is
a UGF;[o]-bisimulation between 2 and 9B. Here o is the common vocabulary of ¢ and .

> Using 2 and B one can construct a model for ¢ A —).

@ One can also show that neither the one-dimensional GF nor the uniform GF has CIP.
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@ The overall strategy of the proof is similar to the proof that GF? has CIP.

> Suppose that ¢ = 1), but there is no interpolant in UGF; for this entailment.

> The above implies that there exists structures 20 and B such that 2l = ¢, B |= =1 and there is
a UGF;[o]-bisimulation between 2 and 9B. Here o is the common vocabulary of ¢ and .

> Using 2 and B one can construct a model for ¢ A —).

@ One can also show that neither the one-dimensional GF nor the uniform GF has CIP.

o In fact, there are very simple sentences of one-dimensional GF which do not have interpolants
even in the full GF. For uniform GF the situation is nicer.
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Uniform one-dimensional GF has Craig interpolation

Theorem ([Jaakkola, 2022])

UGF; has CIP.

@ The overall strategy of the proof is similar to the proof that GF? has CIP.

> Suppose that ¢ = 1), but there is no interpolant in UGF; for this entailment.

> The above implies that there exists structures 20 and B such that 2l = ¢, B |= =1 and there is
a UGF;[o]-bisimulation between 2 and 9B. Here o is the common vocabulary of ¢ and .

> Using 2 and B one can construct a model for ¢ A —).
@ One can also show that neither the one-dimensional GF nor the uniform GF has CIP.

o In fact, there are very simple sentences of one-dimensional GF which do not have interpolants
even in the full GF. For uniform GF the situation is nicer.

Theorem (Jaakkola, 2024)

Let ¢ be a sentence of UFG|o1] and ¢ be a sentence of UFGlay]. If ¢ |= 1, then there exists a
sentence 6 of GF[o1 N o2] such that ¢ = 6 = .
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Computational complexity of the satisfiability problem

o The satisfiability problem: given a sentence ¢ does it have a model?

o The satisfiability problem for GF was proved in [Grédel, 1999] to be 2ExpPTIME-complete.
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o The satisfiability problem for GF was proved in [Grédel, 1999] to be 2ExpPTIME-complete.

@ The computational complexity of one-dimensional guarded fragments was studied in-depth in
[Kieronski, 2019]. Results include:
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@ The satisfiability problem: given a sentence ¢ does it have a model?
o The satisfiability problem for GF was proved in [Grédel, 1999] to be 2ExpPTIME-complete.

@ The computational complexity of one-dimensional guarded fragments was studied in-depth in
[Kieronski, 2019]. Results include:

> An exponential model property for GF1, which implies that the satisfiability problem for GF; can
be solved in non-deterministic exponential time.
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[Kieronski, 2019]. Results include:

> An exponential model property for GF1, which implies that the satisfiability problem for GF; can
be solved in non-deterministic exponential time.

> Matching lower bound was established already for UGF;.

Reijo Jaakkola reijo.jaakkola@tuni.fi (Tampere University) Uniform guarded fragments: _interpolation and complexity April 22, 2024

6/9


reijo.jaakkola@tuni.fi

Computational complexity of the satisfiability problem

@ The satisfiability problem: given a sentence ¢ does it have a model?
@ The satisfiability problem for GF was proved in [Gradel, 1999] to be 2EXPTIME-complete.

@ The computational complexity of one-dimensional guarded fragments was studied in-depth in
[Kieronski, 2019]. Results include:

> An exponential model property for GF1, which implies that the satisfiability problem for GF; can
be solved in non-deterministic exponential time.

> Matching lower bound was established already for UGF;.

Theorem ([Jaakkola, 2022])

The satisfiability problem for UGF is NEXpPTIME-complete.
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